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1. L(s,IndeF(ng),w) FOR LOCAL FIELDS

Due to time pressure (see footnote 1) this essay, which is part of a series
consisting of a book [64] and ([65], [66], [67], [68]), has a number of speculative
constructions, which I do not have time to provide the rigourous details. The
main constructions appear in §1 and §2, the other sections being largely for
reference.

Let G be a (usually connected) reductive algebraic group defined over a
global field F'. Therefore F' is an algebraic number field or a function field in
one variable over a finite field.

Often I shall be concerned with the points of G over some local field given
the completion of F at a non-Archimedean prime of F'. In this case, now
writing F for its local completion, suppose that K is a (usually finite) Galois
extension of F' and that GG is a quasi-split group over F' which splits over K.

I am going to use (doing my best to given page and line references for the
terminology) the notation and conventions of [43]. That is a rather tall order
for the reader, should one exist, but the notation in [43] is very technical
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and elaborate and is explained at more length than I can manage in the time
available!

Let K/F be a Galois extension of non-Archimedean local fields with Galois
group Gal(K/F).

The main construction of this essay will be in the context of the following
result.

Theorem 1.1. ([43] )

There is a Chevalley lattice in the Lie algebra of G whose stabiliser Uy is
invariant under Gal(K/F'). Uk is self-normalising. Moreover, Gx = BrUk,
HY(Gal(K/F);Ux) = {1} and H'(Gal(K/F); B (\Ux) = {1}. If we choose
two such Chevalley lattices with stabilisers Ux and Uy then Ux and Uy are
conjugate in Gg.

The notation for Theorem 1.1 is given on ([43] pp.29 final paragraph).
Suppose that K/F is a (not necessarily unramified for this essay) extension
of local fields and G is a quasi-split group over F’ which splits over K. Let B
be a Borel subgroup of G and T a Cartan subgroup of B both of which are
defined over F'. Let v be the valuation on K. It is a homomorphism from K*
whose kernel is the group of units. O%. If t € Ty let v(t) € L be defined by
< A\ v(t) >=wv(A(t)) for all A € L, the group of rational characters of T' ([43]
p,22, line -6).

The dual group G of G and the Galois action on Gal(K/F) on it are defined
in ([43] p.22 §2 to p.26 line 10) and, as hinted at above, the notation is quite
involved but the constructions are straightforward enough. This material
enables one to define ([43] p.26 line 10) G2, which is the semi-direct product
of the Galois group with G.

Suppose that p is a complex analytic representation of the semi-direct prod-
uct G ([43] p.34 line 1)* and that 7 is an irreducible unitary representation
of Gr on ‘H whose restriction to Ur contains the trivial representation (i.e.
HYF is one-dimensional.

If C.(Gr,Up) is the Hecke algebra ([43] p. 30 line -7) of compactly sup-
ported functions f such that f(gu) = f(g) = f(ug) for all u € Up,g € GF.
There is a representation of C.(Gp,Ur) on the subspace HYF which gives a
homomorphism x from C.(Gp,Up) into the ring of complex numbers ([43]
p.33 line 6). The Galois properties of this x determine a well-defined conju-
gacy class in the semi-direct product G - denoted by top in ([43] p.34).

A deteriorating health problem over which I am not in control [50].

2Correction: On rereading [43] more carefully I now understand that when admissible
representations are complex Grisa complex analytic Lie group with a combinatorial action
by the Galois group. When the represenations are over k, an algebraically closed local field
of characteristic zero, Gp is a k-analytic Lie group with combinatorial Galois action.

3In [43] K/F is taken to be an unramified extension of local fields, which is sufficient
but immaterial.
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Therefore p(tor) makes sense, up to conjugate, and Langlands defines the
2-variable L-function in tis case by the formula ( [43] p.34 line 4)

1
Ho o) = ST pltar el
where 7 generates the maximal ideal of Op.

Note that the ”"det” in Langlands definition above is legitimatised in the
sense of ([3] §Theorem 3.1). A semi-simple element a in the socle of a Banach
algebra has an associated determinant, det(l — a) given by the formula of
([3] §Theorem 3.1). The Banach algebra involved can be taken to be any
completion containing p(tog).

The same legitimisation, this time taking place in the n X n matrix ring
with entries of the type p(t; jor) (see next paragraph) will be required in the
explanation of the definition of

L(s, IndgF (), )

where H is a subgroup of the semi-direct product Gr containing the semi-
direct product of Z(Gx) with Gal(K/F'), modulo which it is compact open,
and ¢ is a continuous complex-values character on H.

Firstly I believe that the example of §4 is typical and that IndgF ()Y is
finite-dimensional. Choosing a basis vy, ..., v, gives, by Langlands construc-
tion an n x n “matrix” M of examples t; jor in the semi-direct product G F
on which the effect of making different choices is to conjugate the matrix -
elementwise - by an element of Gp. Let p'F denote the representation of Gr
given by the subspace of p fixed by the semi-direct product of the Galois
group with the decomposition group of iz of 7wp.

Modulo the legitimisation of ”det” my definition if the L-function is given
by

1
~ det(1 — plr(M)|mp|*)’

I expect this definition to be well-defined, to be bi-multiplicative in the
variables p and m and whose adelic Euler product should enjoy the sort of
inductivity properties which are satisfied by the Artin L-function which are
recapitulated in §§6-10.

L(s, IndeF (9), )

2. EXPECTATIONS OF L(s,p,m) VIA MONOMIAL RESOLUTIONS

For p and 7 admissible representations in the local field situation of §1
suppose that

. — M, — M, ... — My—V —0
is a monomial resolution ([64], [65] §58-10) then we are entitled, from §1, to
a 2-variable L-function L(s, M;, ) defined as the product of the 2-variable
L-functions L(s, Indflfj(d)), 7) such that M; = &, mgFj(qﬁ) in the monomial

category.
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When the representations are complex the monomial resolution is of “fi-
nite type” - a consequence of monomial resolutions of finite dimmensional
representations of finite groups being actually finite [64]. As a consequence
I expect this definition of L(s, p,7) to coincide with the definition of ([43]
pp.29-34) and to enjoy all the analytic properties of that example.

In ( [65] §4) the notion of My (G)-admissibility is introduced. It is
particularly interesting in the di-p-adic situation (where the local field is p-
adic and the representations are defined over the algebraic closure of @Q,,.

In this context the monomial resolution is not necessarily of finite type,
as far as I know at the moment, nevertheless I am still optimistic about the
following conjecture.

Conjecture 2.1.
The multiplicative Euler characteristic of 2-variable L-functions L(s, M;, )
defines a well-defined and analytically well-behaved L-function L(s, p, 7).

When our Galois extension K/F is an extension of global fields, it is ex-
plained in [64] how to use the adelic Tensor Product Theorem ([64] Theorem
1.21) to define adelic monomial resolutions of automorphic representations.
In this situation there is a simple reduction to the case in which the finite
Galois group is soluble, which is based on the fact that the subgroups involved
in the monomial resolution of any finite-dimensional of a finite group over any
algebraically closed field of characteristic zero may be taken to be M-groups
([62] Proposition 2.1.17 p.30).

Recall that a finite group G is nilpotent if and only if it has a lower central
series

Iy =221 =Z2(G)<Zy<1... 192, =G

exists such that Z;1/Z; = Z(G/Z;) for all i. In particular nilpotent groups
are M-groups - each irreducible representation is induced from a 1-dimensional
character of a subgroup. Since nilpotent groups are the product of their Sy-
low p-subgroups a subgroup of a nilpotent group is again nilpotent - but not
so for M-groups.

An M-group is soluble [37]. The derived series of G is

G =G, G = [GY,G°] =[G, G], the commutator subgroup of G

and G" = [G" 1, G" Y forn =1,2,3,.... A soluble group G is one for which
G™ = {1} for some n. Subgroups of soluble groups are soluble since J < G
implies [J, J] < [G,G]. We begin by writing the trivial one-dimensional rep-
resentation of the Galois group as a sum of iduced monomial representations
Ind$(¢) with H an M-subgroup of G. We can inflate this relation to the
semi-direct prodct and multiply the monomial resolution, as a complex of

representation, with this formula for 1.
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Recall also that the product in R, (G) is given by a double coset formula
([62] p.68, Exercise 2.5.7)

(K7 qb)G ’ (Ha ¢)G

= ZweK\G/H (w_le m H? W*(@WG

Suppose, abbreviating Gal(K/F') to Gal, we have a Galois semi-direct product
Gal oc G with (K,¢)%>¢ € R, (Gal  G) and if (H,v)%! and X : Gal
G — Gal is the projection then (A\71(H), ¥\)¥>C Therefore

(K, (b)GalocG . ()\—1(1_1)7 ¢)\>Galo<G

= ZwEK\GalocG/HuG (wile ﬂ H, W*<¢)¢)G

Ifw=(z,¢9) € Gal x Gand (y,g1) € H < G then (z,9)(y,g1) = (2y,92z(g1))so
we may take w = (z,1) € K () Gal\Gal/H and w 'Kw(H <G C H x G.

This procedure reduced the Galois semi-direct products to ones involving
solution Galois groups.

3. EXAMPLE OF ([43] PP.29-34) WHEN G = GL, AND K/F =TF,/F,

In this section I am going to study a finite group analogue of the combi-
natorial construction which will give us the 2-valued L-function by means of
the monomial resolution of an admissible complex representation.

Consider the rings, under convolution, of complex valued functions

10
C(GLoFy, {u = ) |z €Fp}) ={f |f(ug) = f(g) = flgu)}
and
10
C(GLyFy, {u= 1 |2 € Fy}) = {f |f(ug) = f(9) = flgu)}

in the manner of ([43] pp.29-34).
Inside G LyF, take the subgroup

a 0
Ur, = { |z €Fy,a € Fy}.
Tr «

I have chosen this group because it has the four properties of Theorem 1.1.
Also

C(GLQIFq, U]Fq) = C(GLQFQ, {u = | T € Fq})
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For the four properties, clearly GL;F, = Bg, Ur,, Gal(F,/F,) acts on Ug,
and H'(Gal(F,/F,); Us,) = {1} by Hilbert 90 for F} and F, and similarly
Hl(Gal(Fq/]Fp); B]Fq m UFq) = {1} since BIFq n UIFq = F;

Now for the normaliser of Uy, . If

a a 0 b 0 a

v 0 T a y b v 0
we have
aa + zf =ba, fa=0bb, ya+ dx = ya + by, da = yB + bo.
Therefore § =0 or a = b. If § =0 we have
aa =ba, ya+dr =ya+by, a=0b
and x = %*. If a = b we have
=0, dx =ya, 0 =yp

so if y # 0 then § = 0 and we are in the same case as before. In general we
have

aq 0
ya+d0x da
a 0 a 0
B v 0 T a
b 0 a 0
- y b vy o
ba 0
B ya +by b

so a = ¢ and Uy, is equal to its own normaliser in G LyF,.

A finite group example of the convolution algebra.

Let (7, V) be a finite-dimensional representation of a finite group G*. Write
‘H for the space of functions from G to C. If ¢, ¢ € H define ¢1 *x o € H by

¢1*¢2 Z¢19h ¢2 )

heG

4Usually I shall consider the set of representation of G with a fixed central character ¢

and the monomial resolution associated with this central character condition [64].
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For ¢ € H define 7(¢) € Endc(V) by
#(9)(v) = dlg)m(9)(v).

Hence -
(1 (7(¢2)(v))
=7(01)(Xgec 92(9)7(9)(v))
2 gec 92(9)m (1 (m(g)(v))
= 2gec 92(9) 2gec 91(9)(m(g(m(9)(v))
=2 ggec 02(9)¢1(9)(7(99)(v)).
Now

(1 * ¢2)(v)
= geq (1% 92)(91)7(91)(v)

= ginec P1(hh™)ga(h)m(g1)(v).
Setting g = h, gg = g1 shows that
T(¢1 * ¢2) = w(¢1) - T(2).

Therefore 7 : H — End(V) is a ring homomorphism.
Also H = C[G] because if fy(z) =01if g # = and f,(g) = 1 then

fg * fg/ = fggl.
Now take G = GL,F), so that C(GLoF,, Ur,) C H andif ¢ € C(GLoF,, Ur,)

then for
1 0
u =
r 1
and v = wv then

m(w)(7(9)(v)) = Y dlg)m(u)(n(g)(v) =Y d(ug)m(ug)(v)) = 7(¢)(v)

geG geqG

1 0 1 0
{( ) | z€Fp} {( ) | z€Fp}
7. z 1 z 1 _
so that ¢ : V — V = W. Therefore we
have a ring homomorphism from C(G LoF,, Ug, ) to the ring of endomorphisms
of V' which map W to itself.
The key step in ([43] pp. 29-34) is now to be in a situation where W is

one-dimensional so that sending 7 € C(GLyF,, Ug,) to the scalar by which
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7(¢) acts on W gives a ring homomorphism C(GLyF,, Ur,) — C. We shall
not assume any such restriction.

Now let us consider some irreducibles of G'LyF,,.

Suppose that V' is the vector space on which we have the representation

V = R(x1,X2) = Indgf"(xl ® X2) With x2 # X2 : Fy — C* ([62] p.89).
Therefore

VU — (Z ®BF,, 1).

z€F, z 1

A basis for C(GLyFy, Ur,) is

[

satisfying

o B
1 ifgeBFp,g:
0 ¢
DI 8 (9) =
a f
(O 5) 0 if g€ Br,, g # 0 s
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Therefore

1 0
ﬁ-(¢ a 5 )(erﬂ?p ®B]F 1)
( ) z 1
0 ¢
1 0
:ZQEGLQ]FP ¢ o 5 (g)ﬂ-(gxzxeﬂ?p ®B1Fp 1)
r 1
( 0 9 )
1 0
:ngeB]Fp ¢ Q /8 (g> ZxGFp g ®B]Fp 1
( ) r 1
0 9
a f 10
:pZajer ®B]Fp1
0 ¢ z 1
but
a b 10 1 0 a+bx b
so that
1 0
ﬁ(¢ a b )(Zze]Fp ®B1Fp 1)
( ) z 1
0 d
1 0
=D ser, N ®p., X1(a+bx)x2(;55)-
a+bx

Next consider a character © : F}, —» C* such that o5, (©) # © and the
associated Weil representation ([62] Chapter 3.1)

7”(@) : GLQFP — GLp_lC

It is irreducible and we have a short exact sequence of representations ([64]
Example 3.4 pp. 316-317)

0 — Indg."*"(©) — Ind™" (O ® ¥) — 7(0) — 0
9



a b a b
where H = { € GLoF,} and © ® ¥( ) = O(a)¥(b/a)
01 0 1

ace . 2ry/—1
where W : [F) i F, — C*, the final map being z(modulo p) — (62 Z

A basis for the vector subspace
(Indg’ > (©))"»

is given by, abbreviating Up, to U

1
Vg = WZUIEU u'g @, 1for g € UNGLoF, /Ty,

Note that v, = (0)(w)~" for w € F,.
A basis for the vector subspace

(Ind$"*"™ (6 ® W)V
is given by, again abbreviating Ug, to U

1
vy = mZueU ug ®p 1 for g € U\GL.F,/H.

Note that vy, = (© @ U)(h)~! for h € H.

The dimensions of these spaces of U-invariants are p = |U| and p — 1
respectively while , of course, the dimension of the U-invariants of r(©) is
one.

The construction therefore gives a map from GLyF, to p X p complex ma-
trices and (p — 1) x (p — 1)-complex metrices. The map to C given by r(©) is
the quotient of the determinants of the H-matrix divided by the IF;“)Q matrix.

The final move in the ([43] pp.29-34) gives, from our data, a matrix of
elements in the semi-direct product of the Galois group with the dual group
of G. We are not going to do this step in this section, but if we were this
entire matrix will be independent of choices up to conjugation by an element
of the semi-direct product, as happens when the matrix is merely 1 x 1 in the
construction of ([43] pp.29-34).

4. HAAR INTEGRATION ON K

Example 4.1. Some Haar measures on K
Let r be a positive integer. A measure on Pj" is a family of functions
Orrn: Px /P — C for n > Ny which satisfy

(bK,r,n(x + P[ré) = Z ¢K,r,n+1 (y + ,P}l(+1>-
y+PRT | yez+ PR
In this case the sum
Ien(f) = > [(@)ékrn(r+Pr)

z€PL" /PR
10



is well-defined for each n >> 0 and independent of n. This is because f is
locally constant so that there is an n such that f(x) depends only on the
coset x + Pp and in this case

IK,r,n-i-l (f)
= ZyEPgT/PI"{“ FW)or i (y +PE)

n+1
= erp};r/p}é f(x) Zy_’_p?{ﬂ | yeo Py O (y + P

= ‘[K,T,n(f)-
If, for example, we set ¢, (x + Pp) = |@K/73K|(1/2)7n for all n > 0 then
S pntt | yeorpn Pxnn1(y+ PR = [PR/PE|Ok /P2

= |OK/7DK|(1/2)_n7

as required. Usually the integer |Ok /Pk]| is denoted by gq.
Now let f € C®(K), the set of compactly supported and locally constant
functions

f: K—C.

This means (see §4.1) that there exists an integer ¢t > 0, depending on f, such
that

(i) f(x) # 0 implies that x € P and

(ii) if x,y € K and z — y € Pk then f(z) = f(y).

Recall that there is a chain of fractional ideals of the form

P CPy'Cc... CK.
Choosing integers r,n >> 0 we define

Ix(f) = Ixrn(f)

which will serve as a formula for a Haar integral on K once we have verified
invariance under right translation, which is seen as follows.

For a € K set f,(z) = f(a + ). Choose r so large that a € Py then
as « + Pj runs through P."/Pp so does a + x + Pj and vice versa so that
Ticrn(f) = Iicrn(f2), 2 required.

In the integral notation it is usual to write Ix(f) = [, f(x)dz, in the
spirit of calculus!

Here is a second example of a measure. Let &, = e*™V~1/" ¢ C. Take
K = Q, (p primes) and suppose that 0 < r << n are integers. For an integer a
set \Ij@m’”v”(z%) = &5 The representatives of elements in (p™"Z, +p"Z,)/p"Z,
are the fractions - with 0 < a < p"™~'(p—1) and HCF(a,p) = 1. We have

\I/QP’T’”((I%) = \I/men((a;fr) so that each value on a representative is taken
p" times.

11



1

Define gb@wr,n(#) = ;F\I’@pmn((;%)' The representatives of Hﬁ—jw ety

p
p"*'Z, which belong to % + p"Z, are

b=a,a+p" a+2p""", .. a+ (p—1)p"t"

so that

b a ,—n— a ,—n a
Z (b@pﬂ‘yn‘i’l(]?) = p&p"p ! = gprp = Qﬁ@pﬂ"yn(]?)'

pirer"“Zp = +p"Lyp

5. EXAMPLE OF GLyK WITH K A NON-ARCHIMEDEAN LOCAL FIELD
Set GK = GLQK,

1 0
U={ |z e K} =2 K.
x 1
Take
mhea  mheb a b
H = Z(GK) -GLOp = { ‘ ‘ | 1€ Z, € GLQOK}
TiC Trd c d

Consider the representation m = Indff‘ (¢) where ¢ : H — C* is a continu-
ous character which restrict to the central character ¢ : K* = Z(Gx) — C*

which is common to all the representations under consideration. To examine

7Y we consider the Double Coset Formula

ReSgK (,/T) = 69ZGU\GK/H Indgﬂszfl((Z_l>*<¢))‘

We have a bijections

U\Gk/H « B/(B(|H) « (B/Z(Gx))/(B[ | H)/(Z(Gx)).

We have an isomorphism (B/Z(Gk)) = K* x K which sends the coset of

a p
to (a, g) The subgroup (B H)/(Z(Gk)) equals O3 x Ok so

0 1
that the set of double cosets 2 € U\Gx/H is in a bijection with Z x k,
T TgB
where k is the residue field of K, and (i, 3) is represented by
0 1

where 3 € Ok runs through a choice of representatives for k. To determine
12



U zHz"! consider

Ty kB mhea b TR —TgB
0 1 e Thd 0 1
”Ja—l—ﬂlﬂcﬁ 7rl+Jb+7rZ+Jdﬁ TR —mg B
m.c md 0 1

mloa+ Wﬂcé —(mloa + W}(cﬁ)g + mib 4 7TZ+]dﬁ
Tt mhed — W}{_icﬁ

If a,b,c,d € Ok and 3 =0 then 1 = mha so j = 0 and a = 1. Also 0 = mib
so b =0 and finally d = 1. In which case, for each integer i we have

-1

ﬂ}( 0 7r}< 0 Ty 0
H = }
0 1 0 1 ﬂf}i-(’)Kl
and
1 0
Hz'NU={ }.
Or 1

If a,b,c,d € Ok and 8 # 0 then for this to belong to U we must have j = 0
and a +cf =1 :d—ﬂ';(icé and

0= —(mha+mpeB)B+mg’b+ g dB = — + mwich + mhed
so that ¢+ = 0 also and

1 0

H:'NU = { 1.
Ox 1

Therefore, for each z € U\Gx/H, we have a copy of Indg; _(¢) where U = K
and dim(Ind§, (¢))Y = 1 with a basis, in the functional model for induced
representations, given by f(w + u) = ¢(w)f(1) for u € K 2 Uyw € Ok -
writing the group product as ” +7 in K.

Note that it is important to take Indg (¢) rather than ¢ —Indg,_(¢), since
this function does not exist in the latter. The compact open subgroup K; in
condition (ii) of the functional definition of the induced representation can
be taken as Ker(¢) (U when the character is complex-valued, since C* has

the discrete topology.
13



The Double Coset Formula ([64] p.185) (in the tensor product notation for
an induced representation) is an isomorphism of the form

o Res?Indg(gb) o Dzena/H IndﬁmzHZfl((Z_l)*(@)
given by the formula
alg@gw) =7 Qrop.—rwif g=jzh,j€ J heH

and
a N j ®ymapzrw) =jz@pw if j7lg=2zh,j € JheH.
10
Therefore if we take J = U = { |z € K} and H = K*GLyOk so
r 1
10 s Ty
that HNzHz"' = { | x € Ok} for z = . Terefore
r 1 0 1
10 Ty B Tk T
x 1 0 1 Tl W%HZTKE
K

In ([65] §12: Appendix: Comparison of Inductions) we find a dictionary
for translation between the tensor product model for induced representations
and the functional model. Taking H = K*GL;Og, W = C and ¢ : H —
C* we find that Ind}, -1 ((271)*(¢)) corresponds to the space of functions
Xwnzmz-1,(:-1y+(¢)) 1.Jv»v € C} such that

(27" (@) (gv if ge UNzHz,
folg) =

0 otherwise.

If g = jzh with j € U,h € H then o '(j - f,) = jz - f, € X(m,s) where the
latter is given by the formula for (jz- f,) : H — C

P(gjz)v if gjz € H,
(Jz - fo)(g) =

0 otherwise.

The formulae of ([65] §12: Appendix: Comparison of Inductions) show
that this is a consistent system of relations and therefore that Ind%*>* (¢)V
is one-dimensional in this example.

When the representations are of the complex numbers this example is pre-
sumably typical and Ind$* (¢)V is finite-dimensional®.

®In ([65] §4 Extending the Definition of Admissibility) I give an extension of the definition
of admissibility which applies in particular in the dipadic situation - i.e. K a p-adic
local field and representations defined over the algebraic closure of K. It is certainly
plausible that IndgK ()Y is finite-dimensional in this case, too. Currently I have left this
investigation to the reader, since I may not have time to complete its analysis properly.
14



6. APPENDIX: INDUCED REPRESENTATIONS AND LOCALLY PROFINITE
GROUPS

Let G be a locally profinite group. In this section we are going to study
admissible representations of G and its subgroups in relation to induction.
These representations will be given by left-actions of the groups on vector
spaces over k, which is an algebraically closed field of arbitrary characteristic.

Let us begin by recalling, from ([64] Chapter Two §1), induced and com-
pactly induced smooth representations.

Definition 6.1.
Let G be a locally profinite group and H C G a closed subgroup. Thus H
is also locally profinite. Let

o H — Autg (W)

be a smooth representation of H. Set X equal to the space of functions
f: G — W such that (writing simply & - w for o(h)(w) if h € Hyw € W)

(i) f(hg)=h-f(g) forallh € H,g € G,

(ii) there is a compact open subgroup Ky C G such that f(gk) = f(g) for
all g € G,k € Ky.

The (left) action of G on X is given by (¢ - f)(z) = f(xzg) and

Y G — Auty(X)

gives a smooth representation of G.
The representation ¥ is called the representation of G smoothly induced
from o and is usually denoted by ¥ = Ind% (o).

6.2.
(g f)(hg1) = f(hgrg) = hf(g19) = k(g - f)(g1)

so that (g - f) satisfies condition (i) of Definition 11.1.

Also, by the same discussion as in the finite group case (see Appndix §4),
the formula will give a left G-representation, providing that g - f € X when
f € X. However, condition (ii) asserts that there exists a compact open
subgroup K such that k- f = f for all k € K;. The subgroup gK g ! is also
a compact open subgroup and, if k € Ky, we have

(9kg™) - (9~ f) = (gkg™"g) - f = (9k)- f=(g- (k- f))=(g-f)
so that g - f € X, as required.

The smooth representations of G form an abelian category Rep(G).

Proposition 6.3.
The functor

Ind% : Rep(H) — Rep(G)

is additive and exact.
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Proposition 6.4. (Frobenius Reciprocity)
There is an isomorphism

Homg (7, Ind%(c)) — Homy(r, o)
given by ¢ — « - ¢ where « is the H-map
Ind$% (o) — o
given by a(f) = (1),
6.5. In general, if H C @) are two closed subgroups there is a ()-map
Ind% (0) — Ind% (o)

given by restriction of functions. Note that « in Proposition 11.4 is the special
case where H = ().

6.6. The c-Ind variation
Inside X let X, denote the set of functions which are compactly supported
modulo H. This means that the image of the support

supp(f) = {9 € G| f(g) # 0}

has compact image in H\G. Alternatively there is a compact subset C' C G
such that supp(f) C H - C.

The Y-action on X preserves X., since supp(g- f) = supp(f)g~—* C HCg™1,
and we obtain X, = ¢ —Ind% (W), the compact induction of W from H to G.

This construction is of particular interest when H is open. There is a
canonical left H-map (see the Appendix in induction in the case of finite
groups)

fiW — ¢c—IndS(W)

given by w — f,, where f,, is supported in H and f,(h) = h-w (so f,(g) =0
ifgeg H).

For g € G we have

0 if g € H,

(9 fu)(@) = fulzg) =
(xg™Y)-w if zg € H,

0 if v g Hg™!,

(xg™1)-w if z € Hg™'.

We shall be particularly interested in the case when dimg (W) = 1. In this
case we write W = k4 where ¢ : H — k* is a continuous/smooth character
and, as a vector space with a left H-action W = k on which h € H acts
by multiplication by ¢(h). In this case a. is an injective left k[H]-module
homomorphism of the form

f ks — ¢ —Ind% (k).
16



Lemma 6.7.

Let H be an open subgroup of G. Then

(i) f:w w— f, is an H-isomorphism onto the space of functions f €
¢ — Ind% (W) such that supp(f) C H.

(ii) If w e W and h € H then h- fi, = frw.

(iii) If W is a k-basis of W and G is a set of coset representatives for H\G
then

{g'fw|w€Wa geg}
is a k-basis of ¢ — Ind% (W).
Proof
If supp(f) is compact modulo H there exists a compact subset C' such that

supp(f) C HC = U He.
ceC

Each Hc is open so the open covering of C' by the Hc’s refines to a finite

covering and so
CZHClU"‘UHC”

supp(f) C HC = HClU“'UHC"‘

For part (i), the map f is an H-homomorphism to the space of functions
supported in H with inverse map f +— f(1).
For part (i), from §6.6 we have

and so

0 if x € H,
(h- fu)(z) = fulzh) =

zh-w if € H.

so that, for all z € G, (h- fu,)(z) = frw(x), as required.

For part (iii), the support of any f € ¢—Ind$ (W) is a finite union of cosets
Hg where the ¢’s are chosen from the set of coset representatives G of H\G.
The restriction of f to any one of these Hg's also lies in ¢ — Ind%(W). If
supp(f) € Hg then (g - f)(z) # 0 implies that zg € Hg so that g - f has
support contained in H. Hence g - f on H is a finite linear combination of
the functions f,, with w € W. Therefore f is a finite linear combination of
g fu's where w € W, g € G. Clearly the set of functions ¢ - f,, with g € G
and w € W is linearly independent. []

Example 6.8. Let K be a p-adic local field with valuation ring Ok and
Tr a generator of the maximal ideal of Q. Suppose that G = GL,K and
that H is a subgroup containing the centre of G (that is, the scalar matrices
K*). If H is compact, open modulo K* then there is a subgroup H' of finite
index in H such that H' = K*H,; with H; compact, open in SL,K. This

can be established by studying the simplicial action of GL, K on a suitable
17



barycentric subdivision of the Bruhat-Tits building of SL,, KK (see [64] Chapter
Four §1).

To show that H is both open and closed it suffices to verify this for H’.
Firstly H' is open, since it is H' = J,cp» 2H1 = Usey 7 H1.

Also H' = K*H; is closed. Suppose that X' ¢ K*H;. K*H; is closed
under mutiplication by the multiplicative group generated by mx so that
R X' ¢ K*H, for all m. By conjugation we may assume that H; is a subgroup
of SL, O, which is the maximal compact open subgroup of SL, K, unique
up to conjugacy. Choose the smallest non-negative integer m such that every
entry of X = 72X’ lies in Ok. Therefore we may write 0 # det(X) = 75u
where u € O} and 1 < s. Now suppose that V' is an n X n matrix with entries
in Ok such that X + 7tV € K*H;. Then

det(X + 7% V) = 7% (modulo 7%).

So that if £ > s then s must have the form s = nw for some integer w and
1 (X + 74 V) € GL,Ox (K*H, = Hy. Therefore all the entries in 7" X
lie in Ok and 7. X € GL,Ok. Enlarging ¢, if necessary, we can ensure that
"X € Hy, since H; is closed (being compact), and therefore X' € K*Hy,
which is a contradiction.

Since H is both closed and open in GL,K we may form the admissible
representation ¢ — Ind$ " (k4) for any continuous character ¢ : H — k*
and apply Lemma 77.

If g€ GL,K,h € H then (g- f1)(x) = ¢(zg) if zg € H and zero other-
wise. On the other hand, (gh - f1)(z) = ¢(zgh) = ¢(h)d(zg) if zg € H and
zero otherwise. Therefore as a left GL, K -representation ¢ — IndG " (k) is
isomorphic to

KGL.K]/(6(h)g — gh | g € GL,K, h € H)

with left action induced by g1 - g = g19.

This vector space is isomorphic to the k-vector space whose basis is given
by k-bilinear tensors over H of the form g ®y) 1 as in the case of finite
groups. The basis vector g - f; corresponds to g ®y 1 and GL, K acts on the
tensors by left multiplication, as usual (see Appendix §4 in the finite group
case).

Proposition 6.9.
The functor
¢ —Ind$ : Rep(H) — Rep(G)

is additive and exact.

18



Proposition 6.10.
Let H C G be an open subgroup and (o, W) smooth. Then there is a
functorial isomorphism

Homg (¢ — Ind$ (W), 7) — Hompy (W, 7)
given by F' +— F' - f, the composition with the H-map f of Lemma 6.7.

Example 6.11. ¢ — Ind%(¢)

Suppose that ¢ : H — k* is a continuous character (i.e. a one-dimensional
smooth representation of H).

Suppose that we are in a situation analogous to that of Example 6.8.
Namely suppose that H is open and closed, contains Z(G),the centre of G,
and is compact open modulo Z(G). A basis for k is given by 1 € k* and we
have the function f; € X, given by fi(h) = ¢(h) if h € H and fi(g) = 0 if
g ¢ H.

If, following Lemma 6.7, G is a set of coset representatives for H\G then a
k-basis for ¢ — Ind%(¢) is given by

{9-f11g€g}.
For g € G we have

0 ifzgéH,

(9-fi)(x) = fi(zg) =
¢(zg) if xg € H,

0 if v ¢ Hg™!,

d(xg) if v € Hg™'.

Before going further let us introduce the presence of (H, ¢) into the nota-
tion.

Definition 6.12. Let H be a closed subgroup of G containing the centre,
Z(@G), which is compact open modulo Z(G). Let ¢ : H — k* be a continuous
character of H. Denote by X.(H, ¢) the k-vector space of functions f : G —
k such that

(i) f(hg) = d(h)f(g) forallh e H,g € G,

(ii) there is a compact open subgroup K; C G such that f(gk) = f(g) for
all g € G,k € Ky,

(ii) f is compactly supported modulo H.

As in §6.6, the left action of G on X .(H, ¢) is given by (g - f)(x) = f(zg)
and therefore

Y G — Auti(X.(H, 9))

gives a smooth representation of G' - denoted by ¥ = ¢ — Ind%(¢).
Henceforth we shall denote the map written as f; in Example 6.11 by

f(H,qS) S XC(H7 ¢)
19



Therefore, for g € GG, we have
0 if xg ¢ H,

(9 farg)(@) = frg(zg) =
¢(rg) if xg € H,

0 ifaxgHg!,

d(xg) if v € Hg™'.

Definition 6.13. For (H,¢) and (K,¢) as in Definition 6.12, write
[(K,v),g,(H,¢)] for any triple consisting of g € G, characters ¢, on sub-
groups H, K < (G, respectively such that

(K,v) < (97 'Hyg,(9)*(9))

which means that K < ¢g~'Hg and that (k) = ¢(h) where k = g 'hg for
he HkeK.

Let H denote the k-vector space with basis given by these triples. Define
a product on these triples by the formula

[(H7 ¢)7917 (J7 :u)] ’ [(Kaw)vg% (Ha ¢)] = [(Kv 2/})791927 <J7 :U’)]

and zero otherwise. This product makes sense because

(i) if K <g,"Hgy and H < g;7'Jg; then K < g5 Hgs < 9597 " J 9192

and

(i) if (k) = ¢(h) = wu(j), where k& = gy'hgs,h = g;'jg1 then
k=g5"91" o190

This product is clearly associative and we define an algebra H.,.(G) to be
‘H modulo the relations (c.f. Appendix §4)

and

(K, 4), hg, (H,9)] = o(h™ (K, ¢), g, (H, ¢)].
We observe that

[(K7 ¢)79= (H7 ¢)] = [(g_IHg,g*gb),g, (H7 ¢)] ’ [(K7¢)7 L, (g_IHgvg*¢)]

We shall refer to this algebra as the compactly supported modulo the centre
(CSMC-algebra) of G.

Lemma 6.14.
Let [(K,%), g, (H, ¢)] be a triple as in Definition 6.13. Associated to this
triple define a left k[G]-homomorphism

(K1), 9, (H,9)] : Xo(K,¥) — Xc(H, )
by the formula g1 - fix,p) = (0197") - fime)-

For a proof, which is the same as in the case when G is finite, can be found

in (the Appendix on induction in the case of finite groups).
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Theorem 6.15.
Let M (G) denote the partially order set of pairs (H, ¢) as in Definitions
6.12 and 6.13 (so that X .(H,¢) = ¢ — Ind$(¢)). Then, when each n, = 1,

Mc(ﬂ7 G) = 69LYEA,(H,<Z>)E/\/IC(G) naXc(Ha gb)

is a left k[G] X Heme(G)-module. For a general distribution of multiplicities
{na} it is Morita equivalent to a left k[G] X Heme(G)-module.

Proof
We have only to verify associativity of the module multiplication, which is
obvious. [J

Definition 6.16. ,gmon, the monomial category of G

The monomial category of G is the additive category (non-abelian) whose
objects are the k-vector spaces given by direct sums of X.(H,¢)’s of §6.15
and whose morphisms are elements of the hyperHecke algebra Hep.(G). In
other words the subcategory of the category of k[G] X Hepme(G)-modules of
which one example is M.(n,G) in §6.15.

7. APPENDIX: ON p-ADIC ARTIN L-FUNCTIONS

This paper has been include (occupying §§6-10) i order to recall thsi proof of
inductivity and naturality of the classical Artin L-functions, since the samr
discussion should apply to the 2-variable L-function as constructed for in-
duced representations in §2.

In this paper I want to introduce a conjecture (Conjecture 11.2) whose
cryptic form would be: “The Wiles Unit is a determinant”. The “Wiles Unit”
unit is the p-adic unit-valued function on Galois representations given by the
ratio of the p-adic L-function to the Iwasawa polynomial. The values of this
function are p-adic units by the main result of [71]. In §2 I give a functorial
treatment of the material of [34], which results in Iwasawa polynomials even
in the non-abelian case. §3 recalls the definition of the p-adic L-function.
In §4 we examine what a determinantal functions are and how to detect
them. Having set up the background material we are ready in §5 to state the
conjecture and to accompany it with some evidence in its favour.

This conjecture grew out of my collaboration with Ted Chinburg, Manfred
Kolster and Georges Pappas. In a future paper we shall prove some non-trivial
abelian cases.

8. THE MAIN CONSTRUCTION

8.1. Let E//F be a Galois extension of totally real number fields with Galois
group, G(E/F). Let p be a prime and let Z, denote the p-adic integers. Let
Qp be an algebraic closure of Q,, the p-adics. Let F../F be the cyclotomic
Z,-extension so that I' = G(F/F) = Z, and we choose, once and for all, a

topological generator, v, for I'.
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Let Xp/r denote the Galois group, G(L/EF,,), where L/EF,, is the max-
imal abelian pro-p extension in which only primes over p ramify. Hence Xg/p
is a module over the completed (with respect to the profinite topology on
the Galois group) group-ring , Z,|G(EF/F)|, if g € G(EFy/F) acts on
x € Xpg/r by g(x) = gzg ' for any lifting of ¢ to an F-automorphism, g, of
L.

Now let Ok denote the ring of integers in a p-adic local field, K C @p.
Suppose that U is an Ok|[G(EF,/F)]-module which is free of finite rank
as an Og-module. A primary source of such U’s, by inflation, is the set of
Ok|G(E/F)l-lattices of finite rank. Let

Hom(U, XE/F ®Zp OK)

denote the set of Og-module homomorphisms, U — Xpg/r ®z, Ok, en-
dowed with the (left) Ox|G(EF,/F)]-module structure given by h(f)(u) =
h(f(h ! (u))) for h € G(EF,/F). Since Xg,p is a Noetherian O [G(EFx/F))-
module so is Hom(U, Xg/r ®z, Ok).

The G(EFy/Fyx)-fixed points of Hom(U, Xg/p ®z, Ok ), written

Ig/p(U) = Homeger. /ro) (U, Xg/r @z, Ok),

is a Noetherian, torsion module over Ok[I'] 2 Ok[[T]] if T'+ 1 acts like v €
G(EF./F)/G(EFs/Fx) = T'. The Q,-vector space, Vg/r = Xg/r ®z, Q

is finite-dimensional and so is

p?

Ig/p(U) @0, @p = Homeger, ko) (U @0y @w Xg/r @z, Qp)‘
Therefore the characteristic polynomial, det(tI — ((y — 1) - —)), of v — 1

acting on I, r(U) ®z, @p is a monic polynomial with coefficients in Og. This
characteristic polynomial clearly depends only on the @p—representation

p: G(EFL/F) — Autg (U @0, Q).
Hence we set

ho(T) = det(T — ((y = 1) - =) | Igyr(U) ®z, Q,) € Ok|T].

Example 8.2. Suppose that that ENF,, = F and that p is one-dimensional,
coming from a homomorphism of the form p : G(E/F) — Oj.. We have a

commutative diagram of canonical maps of Galois groups.
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G(EFyx/E)

I

G(EFs/Fx) i G(EF./F) m r

I

G(E/F)

Let v/ € G(EF/FE) denote the unique element which satisfies 7’(i(v")) =
v and set ¥ = p-7m: G(EF./F) — @; Then ¢ is a one-dimensional
representation of type S in the terminology of [34]. That is, the fixed field of
the kernel of 1 is linearly disjoint from F, and 1 annihilates some lift of ~
(for example, 7).

There is an isomorphism of Ok [I']-modules of the form

A Ipp(U) ®z, Q, & Homaer./p) (U ©oy Qp Ver) — Vip
where
Vi ={v € Vigyp | g(v) = ¢(g)v for all g € G(EF./Fx) = G(E/F)}.

In fact, A(f) = f(1) i

is such an isomorphism, since g(A(f)) = f(g(1)) =

f@) =v1)f(1) =v
T

£ (

JACS).

defined in §8.1 coincides with the h,(T") (or, equiv-
4] §

1.

4] a character of type W is a one-dimensional rep-

This means that h (
alently, with hy (7)) o

In the terminology of [3
resentation of the form

p:G(EF/F) 25T — @,

In ([34] Proposition 3) the process of twisting representations by characters
of type W to obtain representations of type S is studied in relation to its effect
on hw (T)

The following result describes the effect of twisting by by characters of type
W in general.

(1
) d
3
3
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Proposition 8.3.
Let

P G(EFy|F) =5 G(EFy/F)/G(EFy[Fy) 2T 5 Q;

be a one-dimensional representation of type W in the terminology of [34].
Then, in the notation of §8.1,

hop (T) = p(7) " hy(P(1)(1+ T) = 1)
where d = dimQP(IE/F(U(p)) ®z, Q).

Proof

Let U(p) and U(pp’) be the modules associated with p and pp’ respectively.
The action of v € T on f € Ig/r(U(p)) ®o, Q, is given by lifting v to
v € G(EF/F), and conjugating v(f) (=) = v'(f((+/)"'(=)))). If we identify
the vector spaces, U(pp')®0, Q, and U(p)®o, Q,, then the action of 4 on the
former is equal to p'(7') = p(y) times the action of 4" on the latter. Therefore,
if A is a matrix which describes the action of v on Ig/r(U(p)) ®o, Q,, with
respect to some choice of basis, then p(7) !A is the corresponding matrix
on Ig/p(U(pp')) ®o, @p. Computing characteristic polynomials of v — 1, we
obtain

hop (T) = det(T' +1 —p(7) " A)

p(v)"Udet(p(y)(1 + T) — A)
p(y)~det((p(v)(1+T) = 1) = A+1)

p(7) " h,(p(v) (1 +T) — 1),

as required. [J

Proposition 8.4.

Let N/F be an intermediate Galois extension of E/F and let U be an
Ok|G(NFy/F)]-module which is free of finite rank as an Ox-module. Then
there is an isomorphism of I'-representations of the form

G(EFs/F =5 = =
IE/F<]nfG((NFOO;F;(U)) ®ox Q) — Inyr(U) ®oy Q,,

where Inf denotes inflation.

Proof
Since G(EF./NFy) acts trivially on Infg((ﬁﬁ‘:;g(U), we have an isomor-
phism

Homg(gF./Fy) ([nfg((ﬁgzﬁ)) (U) @0, Q,, VE/F)

~ HomG(NFOO/FOO)(U R0 Qp’ VEc/(}E/‘Foo/NFoo)).
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However the natural map, Xg/p — Xpy/p, induces an isomorphism

(Vi/r) (B NF) — VP,

where (A)¢ denotes the coinvariants of G acting on A. Also the norm, N(v) =
D gcG(BF NE) 9(V), induces an isomorphism
N+ (Vi p) (B i) — (Vi) “E=/NF),
Since a lifting of v € I" to G(EF/F') maps to a lifting of v to G(NF/F),
it is clear that the resulting isomorphism commutes with the I'-action, as
required. [

Proposition 8.5.

Let N/ F be an intermediate extension of E/F and let U be an Ok |[G(EF/N)]-
module which is free of finite rank as an Og-module. Then there is an iso-
morphism of Ok [I']-modules of the form

G(EFs /F =
Inyr(Indgp 3 (U)) = Indgn ) Leyn (U)),

where Ind denotes induction. Here G(N/N) has been identified with G(Fu /NN
Fo)CT.

Proof
We have FC NNF, CNCFEand GINNE,/F)=Z/p™, generated by
7, since it is a finite quotient of Z,. Therefore 1,7,...,~7?" ~! constitute a set

of representatives of the double cosets
G(BFs | Fao)\G(EFu/F)/G(EFs [N) = T/G(Fuu/N 1 Fay).

By the Double Coset Formula [62], [ndgg?zﬁ))(U ) is equal as an
Ok|G(EF,/Fy)]-module to

G(EFs/F) G(EFs/F)
R SG(EFOO/FOO)([ dG(EFOO/N)(U))

~ G(EFOO/FOO) —1\*
= @OSiSPm—lIndG(EFOO/FOQ)ﬂ'in(EFoo/N)'y—i((’7 ) (U))

where (7~)*(U) is equal to a copy of U on which v'gy~" acts as g does on U.
Hence

G(EFs/F) G(EFs/F) ~ G(EFs/Foo) iy
Rescpr o) Undepre n (U)) = Gosicpm 1 Ind o ) iiny )y (V) (U))-

It is sufficient to prove the proposition in the two special cases (a) NNF,, =

F and (b) N C F because then we have a chain of isomorphisms of the
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following form:

G(EFw/F ~ G(EFw/F G(EFs /NNFx
]E/F(IndGEEFOO;N))(U)) = IE/F(]ndGEEijNZTFOO)(]ndGEEFOJN; ()

- G(EFs /NNFx
:[ndg(Fm/Nme)([E/NﬂFoo(IndGEEFoJN? )(U)))

~ G(Fso/NNFso)
= Indg(Foo/NﬁFoo) (IndG(Foo/NﬂFoo) (Ug/n(U)))

= Indg(Foo/NﬁFoo) (Lp/n(U)).
In case (a) we have m = 0 and N, = NF,, so that EN,, = EF,, and
Xg/r = Xg/nv. Hence, in this case,

Homg(gr,, /F.y) (Indgg?jﬁ?) (U), Xgyr ®z, Ok)
= Homchw/Foo)(Ind§E§§§§§§3v>(U>» Xp/r @z, Ok)

= HOmg(EFOO/NOO)(U, XE/N ®Zp OK);

as required.
In case (b) Noo = F, Xp/r = Xg/y and 7*(N) C 7'(Fx) = Fix so that

Hom(pr /7o) (Indg 3 (U), Xp/r @2, Ox)
~ G(EFoo/Foo s
= @ogigpmlef?mG(EFoo/Fm)(I”dGEEFOO%i(Z)V)Fm)((V )*(U)), Xg/r ®z, Ok)

= @o<icpm 1 Homa NN (V) (U), Xp/n @2z, Ok),

1

since v(N)Fy = F. However, 1,7,...,77" 1 are also coset representatives

for I'/G(Fx/N) and it is easy to see that
@Ogigpm—lHomG(ENoo/Noo)((’77i)*(U)a Xg/n @z, Ok)

o [ndg(Foo/N)(HomG(ENOO/NOO)(U, XEg/N Rz, Ok))

as I'-modules. (J

9. p-ADIC L-FUNCTIONS

9.1. Let E/F and Ok be as in §8.1. Let p be an odd prime. Let p be a one-
dimensional Qp—representation which is realised over Q. That is, O = U
is an Ok|[G(EFy/F)]-module associated to p : G(E/F) — @; as in §8.1.
The existence of the p-adic L-function, L,(s, p), was first shown by Deligne
and Ribet [31] (see also [4] [20] [51] [52]).

Let S, denote the set of all primes of F', P<<Op, above p and let o : Qp =,
C be a fixed isomorphism. Thus o(p - w™") is a one-dimensional complex

Galois representation of F', where w : G(F'(up)/F) — pp-1 C Z; denotes
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the Teichmiiller character, i, denoting the n-th roots of unity. The function,
Ly(s,p), is characterised as the unique continuous Q,-valued function of s €
Z, — {1} (even continuous at s = 1 if p is non-trivial) such that

Ly(1 =n,p) =0 (Lps,(1 —n,0(p-w™")))
for all integers n > 1. Here Lpg (1 —n,—) denotes the Artin L-function
associated to F' after the removal of the Euler factors attached the primes in
Sp.

Let F' = F(u,) so that F’_ contains all p-primary roots of unity. The action
of ' = G(Fy/F) = G(F.,/F') on an arbitrary p-primary root of unity, &,
is given by a homomorphism, x : I' — Z7, determined by the formula,
g(&) = €59 for all g € T

Set u = k(y) € Zj; so that u = 1 (modulo p™) if pm C F'. Let Z,[p]
denotes the Z,-algebra generated by the character-values of p. If p is one-
dimensional, as above, there exists a power series

Go(T) € Zy|p][[T]]
such that, except for s = 0 when p is trivial,
G,(u® —1)
L,(1—s,p) =<
ol ) Hpy(us — 1)
for s € Z,. Here

p((A+T) =1, if pistype W,

1 otherwise.
Also, as explained in [52], if p’ is of type W then
Gop(T) = Golp'(M)(L+T) = 1) and Hyy (T) = Hy(p'(7)(L+T) — 1).

If m € Z,[p| is a uniformiser then, by the Weierstrass Preparation Theorem,
we may write G,(7) uniquely in the form

G,(T) = TV G(T)U(T)

where G(T') is a distinguished polynomial and U,(T') is a unit in the power
series ring, Z,[p][[T]]. A distinguished polynomial is a monic polynomial all
of whose non-leading coefficients lie in 7Z,[p].

If p is one-dimensional and of type S then it is shown in ([71] Theorem 1.3)
that the polynomial, h,(T"), of §8.1 satisfies

hp(T) = GL(T) € Zy[p][T].

Since any one-dimensional representation may be written as the product of
one of type S with one of type W, the previous discussion together with
Proposition 8.3 shows that the above relation holds for all one-dimensional p

(the factor p(v)~¢ being subsumed into the unit, U,(T)).
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9.2. In the following it will be wise to keep track of the identity of the base-
field, F',in G(E/F). Accordingly, we shall temporarily elaborate upon the no-
tation of §9.1 and write L, r(1—s5,p), kp : G(Fuo/F) — Z5, 7r € G(Fo/F)

and up = kp(yr) for L,(1—s, p), K, v and u, respectively. When FCNCE

we choose vy = W%NHF‘” , identifying G(N.,/N) with a subgroup of I' as in

Proposition 8.5.

Now let p be an arbitrary finite-dimensional Qp—representation of G(E/F).
For such p the additivity and the invariance under inflation and induction of
the Artin L-function imply that

Lp,F(1 — 50D p2) = Lp,F(1 - S, pl)Lp,F(l -5, P2)>
(E/F)
Lyr(1 = s.InfGy /) () = Lpr(1 = 5. ),

Lyr(1— s, Indgy) ) (p) = L (1= s, p)
for the appropriate p, p1,p2 and F C N C E.
By Brauer’s Induction Theorem there exist integers, n;, and one-dimensional
representations of subgroups, p; : G(E/N;) — Q* such that

G(E/F) (
p= Z nilndc g (P1)

in the representation ring of G(E /F). In fact, there is a canonical form for
this induction formula which we may use if need be ([62] Theorem 2.3.9) in
which each pair, (G(E/N;), pi), is unique up to G(E/F)-conjugacy. Note that
some of the n;’s may be negative integers. Therefore we obtain

Lp7F(1 - Svp) = Hz LPJVi(l -5, pi)ni

w(p)# P h, (3, —1)Up, (uy, —1)

- H ( Hy, (UN -1) ’ >n1

where 7(p;) € Zy[p:] is a uniformiser.
The following result is mentioned, without proof, in ([34] p.82):

Proposition 9.3.
If p is irreducible and dimap(p) >2in §9.2 then

I1 2o (uy, — )" = £1.

Proof

The appearance in the denominator of the formula for L, (1 — s,p) of
H,, (uy, — 1) with H, (T') non-trivial occurs only when p; : G(E/N;) — 6;
is of type W. This is equivalent to the restriction,

(pi | G(E/ENF)NG(E/N;) = G(E/(EN Fy)N;),
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being trivial.
Since G(E/E N Fy) < G(E/F) we may apply the operation of taking
G(E/E N Fy)-coinvariants (which is the same as taking G(E/E N Fy)-fixed
points) to both sides of the equation for p (see [?] Exercises 2.5.13-2.5.15).
The G(E/E N F)-fixed points of p form a subrepresentation which must
either be trivial or all of p, since p is irreducible. However, if p were trivial on
G(E/E N Fy) it would factorise through the cyclic quotient, G(E N F/F),
and would therefore be one-dimensional. Therefore we have the relation

E F G(E F ~
0= an IndS EfN (p ))G(E/Eme) = Z iInd (E§ NmFoo))(P‘)

where p; on G(E/(N;NFy)) = G(E/ENFL))G(E/N;) is given by p;(xy) =
pi(y) for z € G(E/ENFL)) and y € G(E/N;). These representations are all
inflated from the cyclic quotient group, G(EN F.,/F) = Z/p™ so that in the
representation ring of G(E N F,/F) we have the relation

G((ENFs)/F) .
0= Z” In dG( ENFa)/ NmFoo))(p‘)'

Let char;(t) denote the characteristic polynomial

(ENFso)/F Ia)
Chm’z’( ) = det(t] v | In d EEQF ;;(1\)1 mFoo))(pl)) € Qp[t]’

where v is the image of vy € I'in G((E N Fy)/F) = Z/p™. Hence we have
the relation

1= H char;(uz")"

i

However, using the base 191, y®1, . .., yNinFeFl-1x1 for Indggggiz;%\)m,%))(ﬁz))
one sees easily that

t 0 O ... ... 0 _pz(,yl[é\mFoo F])
-1 ¢t 0 ... ... O 0
o -1 ¢t ... ... 0 0
0 0 0 -1 "

= (NPT — (1T,
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However, 7[N iNFoo F] _ — ~y, and ugViﬂFoo:F}

L =TI (uy) = pilyw,))™
= (IL w1 (1= pilyn,)ui,)™)

= (u;«“s)z’i nilNinFoo ] H’L <_Hp¢(u7\/i —1))m

= uy;, so that the relation becomes

and
. G((ENFx)/F .
0= mdimg Indgiprm))womay (P) = D il Ni O Fag : F|
so that
[T Hoto, = 1 = (= e (1),
as required. [J

9.4. Now let us examine the product

H hPi(“N
of §9.2 when p is an arbitrary finite-dimensional Q -representation of G(E/F).
Recall from §8.1 that
ho (T) = det(T + 1= ((yw) - =) | Ieyn.(U(py)) @z, Q)
where U(p;) is the underlying G(E/N;)-modules of p;. Hence
hp,(uy, = 1) =det(ux, — (W) - =) | Ie/w,(U(py)) @2, Q)

= det(uN T () NOFFLL Y | Ty (U(p)) @2, Q)

= det(ug — ((vr) - =) | Indgp, nm (e (U (p1) ©2, Q)

arguing as in the proof of Proposition 9.3.
Identifying G(F/N; N Fs) and G(N; «/N;), Proposition 8.5 implies that

hpi(uNi -1 = h G(E/F) (o Z)( —1).

Therefore we have shown that

i ouy, = 1" =11 hggeeerm o (ue = 1™

- hz nzlndGEE;]F\/ )(Pl)(u% - 1>
= h,(uf —1).

Let (g, denote the absolute Galois group, G(Qp/ Qp). Then Qq, acts

on R(G(E/F)), the ring of Q,-representations of G(E/F). If w € Qq, it
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is easy to see that h,(T) € Og[T] satisfies hy,)(T) = w(h,(T)) so that
h,(T) € Zy|p|[T], where Z,|p] is as in §9.1.

Also L,(1 —n,w(p)) = w(L,(1 —n, p)) for all integers n > 2. This is seen
for one-dimensional p by writing the Artin L-function in the form (c.f. [71]
(1.2) p.493)

Le(l1=n,p)= > p(o)ip(o,1—n)

cEG(EKer(p) /F)

and observing that the partial zeta functions, (r(o,1 — n), are rational num-
bers. For an arbitrary p one uses Brauer’s Induction Theorem and the induc-
tivity properties of the L-function to reduce to the one-dimensional case (for
a similar, but more complicated, calculation see [63] pp.28-30).

To recapitulate:

Theorem 9.5.

Let E/F be a Galois extension of totally real number fields with Galois
group, G(E/F), and let p be an odd prime. Let p be a finite-dimensional,
irreducible Q,-representation of G(E/F). Let h,(T) € Zy[p|[T] be the char-
acteristic polynomial defined in §8.1. Then there exists a unique unit power
series

Up(T) € Zy[pl[[T1)"

such that the p-adic L-function of p satisfies, for all s € Z, (except s = 0 if
p is trivial)
7 () Ph (u* = VU (" — 1)
L,(1— =

p( S, p) Hp(us - 1) )
where H,(T) = p(v)(1 +T) — 1 if p is of type W and H,(T) = 1 otherwise.
Also w(p) € Zy[p] is a uniformiser and u € Z3 is as in §9.1.

10. DETERMINANTAL CONGRUENCES

10.1. Let p be an odd prime. If G is a finite group let R(G) denote the
complex representation ring of G (i.e. R(G) = Ky(CI|G])). Let N/Q, be a
Galois extension containing all the |G|-th roots of unity. If x € R(G) and
g € G we denote by x(g) the value of the character function of y on g. We
say that x = 0 (modulo p') if x(g) € p'Oy for all g € G.

The absolute Galois group of Q,, €g,, acts on R(G) in a manner which
is characterised by the formula w(x)(g) = w(x(g)) for all w € Qq,, x €
R(G) and g € G. This makes sense because x(g) € N. Hence we may
consider the group of (g, -equivariant homomorphisms from R(G) to Oy,
Homggq (R(G),On).

Define a sugroup Cong,(G) € Homg, (R(G),On), by

Cong,(G) ={f | f(x) € ptZON if x =0 (modulo p')}.



Define Q,{G} to be the Q,-vector space on the conjugacy classes of ele-
ments of G. There is a canonical map of vector spaces, ¢ : Q,|G] — Q,G
sending g to its conjugacy class. Write p°Z,{G} for ¢(p°Z,[G]) for e > 0.
There is an isomorphism ([62] §4.5.14 p.141; [63] §3.1.4 p.69)

Y Q{G} — Homaq, (R(G),N)

given by ¥(3° cc Ag9)(X) = 2 4ecq Agx(g) for Ay € Q,, g € G and x € R(G).
Consider the group, Homg, (R(G),Oy), of (g, -equivariant homomor-

phism from R(G) to the units in the integers of N. There is a homomorphism
Det : Z,|G]" — Homq,, (R(G), Oy)

characterised by the formula

Det(D> " Mgg)(p) = det(Y_ Agplg))

geG geG

for all representations of the form p : G — GL,,Oy where u = >
a unit in Z,[G].

The image of Det is called the subgroup of determinantal homomorphisms.

Let ¥? : R(G) — R(G) denote the p-th Adams operations, charac-
terised by ¥(x)(9) = x(¢"). If u € Zy|G]" then Det(u)(4"(x) — px) €
14+ pON C OF, for all x € R(G) ([62] §4.3.10 p.121; [63] §3.1.1 p.66). Hence
log,(Det(u)(¥*(x) —px)) € pOy and the function, x — log,(Det(u)(y?(x) —
px)) lies in Homqg ( (G),N) = Q,{G}. The resulting homomorphism

L¢ : Z,|G]" — Q,{G}

is called the group-ring logarithm, originally constructed in a different manner
by R. Oliver and M.J. Taylor, independently.

Now let us specialise to the case when G is a p-group. Then ([49]; [70]; see
also [63] p.92) there is an exact sequence of the form

7,[G]* £ pZ,{G} 2% G® — 0.

The homomorphism, wg, is due to R. Oliver and is described ([70] p.62). as
the composition of 1/p times the abelianisation map with the projection

Z,+ IG®
Z,+ (I1G)?
Here G <1Z,[G] denotes the augmentation ideal and the final isomorphism
sends the coset of Y, a;(g; — 1) (a; € Zp, g; € G™) to the element, [], g €
G.

In general, by ([63] §§3.3.8-3.3.9) ¢ (ppZ,{G}) is only a subgroup of Cong,(G)
but when G = Z/p the Y(pZ,{Z/p}) = Cong,(Z/p).

e Agg 18

Z,G"] —> ~ G,
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Theorem 10.2.

Let p be an odd prime and let G be a finite p-group of exponent p. Then
there is an exact sequence of the form If | is an odd prime and G is a finite
l-group then there is an exact sequence of the form

0 — Det(Z,|G]*) N Homaqg (R(G), u(p™)) — Det(Z,[G]")

w -1
2z Cong,(G) SV, Gab — 0
where p(p™>) denotes the group of p-primary roots of unity of N.

Proof

This is a consequence of the discussion of ([63] §3.3).

If C' C G is a cyclic subgroup, which is of order p by hypothesis, define ©4 €
R(C) to be the unique element satisfying ©¢(1) = 0 and O¢(g) = p for non-
trivial g € C. If f € Homq, (R(G),Ox) define fc € Homg, (R(C),On)
by

fe(\) =[G : NeCf(IndZ(Oc)).
Hence NgC' denotes the normaliser of C in G. If i denotes the inclusion of
C into G then

f=>Y_ G (ic)(fc) € Homg, (R(G), Oy)
C cyclic
where (i¢), is the natural map induced by ic. However, by ([63] §3.3.6 p.84),
if f € Cong,(Q) then fc € |G|™ fc € Cong,(C). Since each C has order p,
by ([63] §3.3.8 p.86), ¥ (pZp{C}) = Cong,(C). By ([63] §3.3.1 p.81), (ic)-
maps ¥ (pZ,{C}) to Y(pZ,{G}) so that any f € Cong,(G) lies in Y (pZ,{G}).
Hence we have shown that v induces an isomorphism
Y pZy{G} = Cong,(G).

The result follows by substituting Cong,(G) into the exact sequence of ([63]
§3.3.21 p.93). O

11. THE CONJECTURE

11.1. We return now to the situation of Theorem 9.5. Let n > 2 be an integer
and let E/F be a Galois extension of totally real number fields with Galois
group G(E/F). In the notation of Theorem 9.5 and §10.1, the function

(p = Up(u™ — 1)) € Homg,, (R(G(E/F)),0))
where, if p =", n;p; € R(G(E/F)) and the p;’s are Q,-representations,

2n_1 HU 2n_1

The remainder of this section will be devoted to a discussion of the follow-
ing:
33



Conjecture 11.2. For each n > 1, there exists a unit o, g/p € Z,[G(E/F)]*
such that

Det(an,g/r)(p) = Up(u™ — 1))
for all p € R(G(E/F)).

11.3. Evidence for Conjecture 11.2

(i) K-theory Galois module structure.

Let G be a finite group and denote by CL(Z[G]) the class-group of finitely
generated Z[G]-modules of finite projective dimension so that CL(Z[G]) =
ker(rank : Ko(Z|G)|) — Z.

Suppose that

X—A—DB—=Y

is a 2-extension of finitely generated Z[G]-modules representing an element
of Ext%[g] (Y, X) inducing, via cup-product, isomorphisms between the Tate

cohomology groups H'(G;Y) and H""?(G; X) for all i. Under these circum-
stances a representative 2-extension may be chosen for which A and B are
finitely generated Z[G]-modules of finite projective dimension. The Euler
characteristic of such a 2-extension is defined to be the element

[A] = [B] € CL(Z[G]).

Here, for example, the class [A] is defined to be the alternating sum of the
finitely generated projectives in a finite resolution of A.

In the case when G is equal to G(L/K), the Galois group of an extension
of global fields, L/K, interesting examples of such Euler characteristics are
afforded by the invariants, Q(L/K,m) (m = 1,2,3), constructed in [22].
Further examples, denoted by Q4 (L/K, 3), were constructed in ([63] Chapter
7) from 2-extensions in which Y and X are the algebraic K-groups of the
ring of S-integers of L in dimensions 2 and 3, respectively. Here S is any
finite G(L/K)-invariant set of finite primes containing those over primes of
K which ramifiy in L/K, the construction being independent of the choice
of S. In [23] this construction is generalised using K-groups in dimensions 2s
and 2s + 1 to yield a family of Euler characteristics, denoted by Q4(L/K, 3)
for s > 1, to complete a pattern in which the original Chinburg invariant
rightfully fits as Qo(L/K, 3).

On the other hand, associated to this situation, there is the Cassou-Nogues-
Frohlich class

Wik € CL(ZIG(L/K))
which is defined in terms of the root numbers of the L-functions of irreducible
symplectic representations of G(L/K) ([21]; [22]; [63]; [62]).

Surprisingly, in the case of function fields in characteristic p, one can show
that Wy xk = Q(L/K,3) [23]. In the totally real number field case one
show that a similar relation holds in the classgroup of a maximal order of
the rational group-ring of G(L/K) ([23]; [63] Chapter 7) and one expects

this equation to hold in CL(Z[G(L/K))]) in general. In fact, this conjectured
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equation is borne out by the quaternionic calculations which we have managed
to complete [25] [26].

Conjecture 11.2 arose out of the following approach to the proof that
Wik = Q(L/K,3). There is an isomorphism, called the Frohlich Hom-

description of the class-group,
- Homa (R(G),J'(K))
Det : CL(Z|G]) — n
et : CL(Z|G)) Homa, (R(G), K*) - Det(U(Z[G)))

in which J*(K') denotes the group of ideles of a suitably Galois large Galois
extension, K/Q, and Det(U(Z|G])) denotes the unit ideles of the integral
group-ring of G.

In particular, returning to the case when G = G(E/F) as in Conjecture
5.2,

Q. (E/F,3) € CL(Z|G(E/F))])

the element of the class-group may be represented an idelic-valued function
on R(G(E/F)). Using Iwasawa theory and the results of [5] one may imitate
the proof in the function field case [24] to show that the p-adic coordinate,
for p odd, of a Hom-description representative is given by the function (p —
h,(u®™ — 1)) of §11.1, providing that the appropriate Iwasawa p-invariant
vanishes (as is widely believed). If Conjecture 11.2 were true this would imply
that another Hom-desription representative is given by (p — L,(1 —2n, p) in
the p-adic coordinate, for p odd, and this is sufficient to imply that Wg,p =
0. (E/F,3) € CL(Z[1/2]|G(E/F)]) for all n > 1.

(iil) The abelian case of degree prime to p.

When G(E/F) is abelian Theorem 9.5 implies that U,(u** — 1)) which im-
plies that there exists a unit, o, g/r, in the maximal Z,-order of Q,[G(E/F)]
such that

Det(ang/r)(p) = Uy(u™ — 1)
for all p € R(G(E/F)). Further more, if p does not divide [E : F] then this
maximal order is equal to Z,|G(E/F)], so that Conjecture 11.2 is true in this
simple case.

(iii) The case when [E : F| = p.

It seems that, in this case, the results of [71] may be adapted to prove
Conjecture 11.2 in lots of cases.

We close this section with an equivalent formulation of Conjecture 11.2 in
a simple case.
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Theorem 11.4.

Let p be an odd prime and let E/F be a Galois extension of totally real
number fields whose Galois group G(E/F) is a p-group of exponent p. Let
F(p) = 109Uy (p)—pp) (u*™ — 1), when defined.

Then Conjecture 11.2 implies that

U(¢P(p)—pp)<u2n -1el +p"ON C On

whenever p = 0 (modulo p') and, when [E : F| = p, f(p) is defined and
satisfies

((p = 1)/2)(f(1)/p) + Traceg,,)/0,((&/(1 = &))(f(X)/P)) € PLy
for all faithful x : G(E/F) = Z/p — C*.

Conversely, if the above two conditions hold then there exists a homomor-
phism, h € Homg, (R(G(E/F)), u(p™)) and a unit, o, gyr € Zy|G(E/F)]",
such that

Det(cun,i/r)(p)h(p) = Up(u™ — 1)
for all p e R(G(E/F)).

Proof

If (p = Ur(p)—pp)(u®™® — 1)) is equal to Det(, g/r) then it satisfies the
determinantal congruences by ([62] §4.3.37; [63] §3.1.12 p.73). In this case
composition with the p-adic logarithm gives a function

(p = f(p) = logy(Utn(p)—po) (™ — 1))) € Cong,(G(E/F)).

By Theorem 10.2, this function vanishes under wgyp ™' : Cong,(G(E/F)) —
G(E/F)®. However, by naturality of U,(T') this will happen if and only if the
vanishing is true when E/F is replaced by the intermediate abelian extension,
M/F corresponding to the abelian quotient G(E/F)® = G(M/F). Since
G(E/F) has exponent p, G(M/F) is an elementary abelian p-group. There-
fore G(M/F) 1is faithfully detected by all the quotient maps,
G(M/F) — Z/p. Hence, by naturality again, wgty~!(f) vanishes if and
only if it does so in the case when G(E/F) = Z/p.

Now we shall calculate wg/,t)~'(f) for f € Cong,(Z/p), assuming that
[E : F] = p. To accomplish this we must recall the formula for ¢ = ! from
([63] p-80). Let g be a generator of the cyclic group of order p and let x be
the faithful one-dimensional representation given by x(g) = exp(27i/p) = &,.
Then the elements of R(Z/p) ® C which are dual to the powers of g are

p—1
Fo=p 'Y x(g7)y
=0

for 0 < s <p-—1, since
p-1 1 if j=s,

i=0 0 otherwise.



Then, by ([63] p.80),

,_.
I
—

p—Lp

o(f) = ' p'x(g*) f(X)g" € Zp|Z /.

»
Il
=)
-
I
=)

Hence

_ -1 _— —1is 7 -1 -1 —1is i
wzp(0(f)) = Hi’:é(gS)(l/p) TP XTI = (1/p*) XiZo o sx(a7)F X,

However
Py sx(gTE)F () = 0 s (1) 4+ 0 S s (X
= (p(p — 1)/2)f(1) + Traceq,e,)/q, (302 5&°) F(X))
and

86t =@g(ltat 2P|
=& L6 - 67)
=& "V - &)

= fpp/(l - fp)-
Therefore we have
s (B(f)) = g P DDUWP)+Traceqy 6,1/, (/-6 0I/P),

This completes the proof in one direction. Conversely the discussion shows
that if the two conditions hold then there exists a unit, oy, g/r € Z,[G(E/F)J*,
such that

logyDet(an, i) (WP p — pp) = 10g,Uprp—pp(u™" — 1) € pOy.

Therefore Det(an, g/r)(WPp — pp)/Uypp—pp(u®™ — 1)) is a p-primary root of
unity which is congruent to 1 modulo p (cf. [?] §4.5.31). Since G(E/F)
has exponent p, ¢¥*(p) = dim(p) and therefore Det(ov, g/r)(p)/U,(uw*" —1))P
is equal to Det(a, g/r)(dim(p))/Udim(p) (u*® — 1)) times a p-primary root of
unity which is congruent to 1 modulo p. On the other hand, setting p =
1 we set that Det(a, g/r)(1)/Us(u*® — 1))P~! is also a p-primary root of
unity which is congruent to 1 modulo p, since (1) — p = 1 — p. Since
Det(ou,5/r)(1)/Ur(u®™ — 1)) is congruent to 1 modulo p then it must also be
a p-primary root of unity, which completes the proof. [J
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