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1. INTRODUCTION

This document is a sketch of a method of constructing all admissible rep-
resentations of GLyK of a local field (representations defined over any al-
gebraically closed field) and all automorphic representations when K is a
number field in terms of uniquely defined chain complexes in the homotopy
category of monomial complexes. This construction makes sense for all GL,, X
but my current knowledge of Bruhat-Tits buldings runs only to Conjecture
4.3. In the later sections I sketch how the definition of epsilon factors and
L-functions and Galois descent should go.

I am sending out this essay to a few mathematicians who might be inter-
ested in getting themselves, their postdocs or their students involved. I am
intending to prepare the 300-page typescript of the details of results so far
into a monograph fit for publication. The only drawbacks being that, as a
retired professor in the UK, I have neither access to resources nor do I give
many hours per days to the development of this project.

2. MONOMIAL RESOLUTIONS

2.1. Monomial resolutions of admissible representations
Let k£ be an algebraically closed field with a topology, not necessarily of
characteristic zero.
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Let G be an arbitrary locally compact Hausdorff group such that the com-
pact open subgroups form a basis for the neighborhoods of the identity. In
particular we are thinking of locally p-adic Lie groups such as GL,K where
K is a p-adic local field. The subgroups of such a group which we shall con-
centrate on are the subgroups H C G which are compact open modulo the
centre Z(G). This means that the image of H in G/Z(G), with the induced
topology, is compact open. Since we shall be emphasising GL,, K whose cen-
tre is the group K™ consisting of the scalar matrices a good example of a
compact open modulo the centre subgroup is K* - GL,Ox C GL,K where
Ok denotes the valuation ring of K.

If H C G is a compact modulo the centre subgroup then we write H for the
multiplicative group of continuous group homomorphisms H = Hom(H, k*).
When k£ = C then C* has the discrete topology. The example K* is easy to
describe since there is a topological isomorphism

K= O;{ X Z(ﬂ'K>

where 7y is a uniformiser of K. A continuous homomorphism to C* in this
case means a homomorphism which is of finite order when restricted to the
group of units O} and on the infinite cyclic group generated by 7k it is given
by mj +— 2" for some x € C*.

Let ¢ : Z(G) — k* be a fixed choice of continuous central character.

Let Mg, denote the set of pairs (J, ¢) with J C G a compact modulo the

centre subgroup containing Z(G) and ¢ € J such that Resé(G)(qb) = ¢. The
set Mg, is endowed with the usual partial order in which (J, ¢) < (J', ¢') if
and only if J C J' and Res’ (¢') = ¢. Also G acts on Mg, 4 (on the left)
by the formula g(J,¢) = (997", (971)"(¢)) where (g7)*(¢)(g997") = ¢(j).
The G-stabiliser of (J,¢) under this action is denoted by Ng(J, ¢) and the
G-orbit of (J, ¢) is denoted by (J, $)¢. Associated to (J, ¢) is the k[.J]-module
ks given by k on which J acts via j(z) = ¢(j) - z for all z € k.

An G-Line Bundle' is a continuous k[G]-module M together with a decom-
position into the direct sum of one-dimensional subspaces

M = Daca Ma

where the M,’s are permuted by the G-action and the stabiliser of each M,
is a pair (Ha, ¢a) € Mgg. In particular each H, is compact modulo the
centre. The subspaces M, ’s are called the Lines of M. The pair (H,, ¢q) is
called the stabilising pair of M,,.

For a pair (H,¢) € Mg4 the G-Line Bundle denoted by Ind%(¢) is given
the direct sum of lines L, for g € G/H where L, is k upon which ghg™' €
gHg™* acts by the formula ghg™-z = ¢(h)z and g € G sends Ly to L,y by the
identity map on k. As in the case of linear representations this construction

IThe capital letters are chosen there to distinguish the Line Bundle from the familiar
vector bundle terminology.
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with be called the G-Line Bundle induced from (H, ¢). The stabilising pair
of Ly is g(H,¢) = (¢Hg™", (97")*(¢)). Since (H,¢) € Mg,y the Line Bundle
mg(qb) may be topologised to be continuously isomorphic to the compact
induction ¢ — Ind%(¢) ([1] p.19).

For each (J, ¢) € Mg 4 set

M) — PBac, (1.6)<(Harbe) Ma
which is a subspace of M called the (J, ¢)-fixed points of M. A morphism
f:M:@aeAMa%@BEBMé:M/
between two G-Line Bundles is a continuous k[G]-module homomorphism
such that
f(M((J@))) C (M/>((J,¢>))
for all (J;¢) € Mgg. This defines a category gggmon and the union of

categories over all ¢ is just denoted by gmon . These are additive categories;
this means, for example, that Hom, , jmon(M, M') is an k-vector space.

A monomial complex is a chain complex of continuous k[G]-modules

d d d d
C,: . —C,—Chy — Ch_g — ...

in which each C), is an G-Line Bundle and each d is a morphism.

Let 7 : G — GL(V) be a smooth (aka admissible) representation on a
k-vector space, V. That is, for any compact open modulo the centre subgroup
K of G the restriction to K is a direct sum of irreducible finite-dimensional
representations, each isomorphism class occurring with finite multiplicity.

Let V' be an admissible representation of GG, not necessarily irreducible, but
with central character ¢. For (J,¢) € Mg 4 define V(7% to be the subspace

VU =Ly eV | j(v) = ¢(j)-vforall j € J}.

An exact chain complex of continuous k[G]-modules of the form

d d d d e
—C,—Chy— ... — Cy—V —0

is called a monomial resolution of V' if each C), is an GG-Line Bundle, each d is

a morphism and, in addition, E(CS(J’¢))) C VU9 for each (J, ¢) € Mg g and,
furthermore, the complex of k-vector spaces

N C(4) 4, C{e) 4,4 i) <, yhe) g

is exact for each (J,¢) € Mg y.
Our first main result is the following.

Theorem 2.2.

Let V be an admissible representation of GLyK with central character ¢
as in §2.1. Then V admits a monomial resolution which is unique up to chain
homotopy in the category par,x,¢mon.
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2.3. Some subgroups of GLy K
Let K be a p-adic local field with valuation vg : K* — Z. We have
homomorphisms

det : GLyK — K™ and vi - det : GLo K — 7Z.

Following ([4] p.75) we may define subgroups of GLy K denoted by SLy K, GLyK°
and GL,K™* by

SLyK = Ker(det), GLyK® = Ker(vg-det), GLy K" = Ker(vg -det modulo 2)

so that
SLyK C GL,K° C GL,K* C GLyK.

As explained in ([4] pp.78/79) and in terms of Tits buildings (i.e. BN-pairs
ete) in ([4] p.91) each of the first three groups acts transitively on the vertices
of the tree and act on a 1-simplex between adjacent vertices simplicially (i.e.
any element sending the 1-simplex to itself does so point-wise).

The following result summarises the properties of the monomial resolutions
for representations of GLo K.

Theorem 2.4.

Let V be an admissible representation of G with central character ¢ as in
§2.1, where G is one of the subgroups of GL,K given by G = SLyK, GLyK°
or GLyK*. Then V admits a monomial resolution which is unique up to
chain homotopy in the category g ¢mon.

Remark 2.5. In order to describe the construction of the monomial resolu-
tion in Theorems 2.2 and 2.4 I need to introduce the functorial bar-monomial
resolution for finite-dimensional representations of groups which are finite
modulo the centre. This will be introduced in §3 and the construction which
proves Theorems 2.2 and 2.4 will be sketched in §4.

The important point to note is that the construction generalises to all
GL,K and when I know more about the Bruhat-Tits building of GL, K for
n > 3 it is likely that this knowledge will result in a generalisation of Theorem
2.2 to all GL, K, at the moment this is merely a conjecture which appears in

§4.

3. THE BAR-MONOMIAL RESOLUTION

3.1. For the moment let G be a group which is finite modulo the centre with
central character ¢. Let W be a k-vector space and let M be a left k[G, ¢]-
Line Bundle. Define another k[G, ¢]-Line Bundle on the vector space W @ M
by letting G act only on the M-factor, g(w®m) = w® gm, and by setting the
Lines of W ® M to consist of the one-dimensional subspaces (w ® L) where
w is a non-zero vector of W, running through a choice of basis for W, and
L is a Line of M. Therefore, if M’ is another k|G, ¢]-Line Bundle we have a

natural isomorphism

Homk[G@_mon(W (029 M, M/> i w & Homk[(;@]_mm(M, M/>
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providing that W is finite-dimensional.

Let pg,gmod denote the category of finite dimensional £-modules on which
G acts with central character ¢. Let V be a representation of G in g gymod
and let S be a Line Bundle given by a direct sum of some Ind%(¢)’s with

(Ha ¢) € MG,Q-
If V is the forgetful functor from Line Bundles to G-modules set

Wi = Homk[G@]—mod(V(S% V) & Homk[G@]—mon(S7 S>®iu

assuming that W, is finite-dimensional.
We have left &[G, ¢]-monomial morphisms, defined by the obvious formulae,

do,dl,...,diZWi®S—>Wi_1®S
for i > 1 and a left k|G, ¢]-module homomorphism
€ Homk[g,@_mod(V(S), V) X S —V

given by €(f ® s) = f(s). Let d be given by the alternating sum d =
> im0 (—1)7d; and choice S to be the direct sum of one copy of each Ind% ()
for (H,$) € Mgy

Theorem 3.2.
In the notation of §3.1 the complex

L WSS L Wi(S)®S... L WS -V —0

is a canonical left k[G, ¢]-monomial resolution of V', which is natural with
respect to homomorphisms of groups G.

4. CONSTRUCTING ADMISSIBLE REPRESENTATIONS VIA MONOMIAL
RESOLUTIONS

4.1. Let G be a locally p-adic Lie group such as G = GL,K for K a local
field. Let Y be a simplicial complex upon which G acts simplicially and in
which the stabiliser H, = stabg(o) is compact, open modulo the centre of G.
An example of this is GL, K acting on a suitable subdivision of its building.
Let V' be an irreducible, admissible representation of G over k. For each
simplex ¢ we have a kH,-bar-monomial resolution

Wi, —V — 0,

obtained as the direct sum of bar-monomial resolutions of the finite-dimensional
irreducible summands of V' restricted to H,. Form the graded k-vectorspace
which in degree m is equal to

Mm = Datn=m WO[,HO.n'

If 0" ! is a face of ¢” there is an inclusion H,» C H,n-1. Therefore there is
a monomial chain map

YHon H n_1 - W*,Hon B W*,Hgn,l
5



such that
ZHo.nflvHo.TLfQ/LHo'":HO-nfl - ZHU"vHG-n72'

If 0" ! is a face of o™ let d(o™™1,0") denote the incidence degree of o™~ in
o™; this is £1. In the simplicial chain complex of Y

d(o™) = Z d(o" ™t o)™t

on—1 face of o™

For x € Wy m_. write

dy(x) = Y d(o" 0™ i, (T).

o"—1 face of o™
Let dyn : Wo.ir,n — Wa—1 m,. denote the differential in the monomial reso-
lution.
Defined: M,, — M, _, when m = o+ n by
d(z) = dy(z) + (—=1)"don (2).
Therefore we have
d(d(z))
= C_l(Za"*1 face of o™ d(o.n—l’ Jn) /L.Hoano.nfl (ZE)) + C—l((_1>ndcf” (l’))

= 20"72 face of on—1 d(o’n727 Jnil) Z.Ha.nflaHo.n72< d(o’nf]'? Un) Z.Hcrananfl (x))

on—1 face of o™

+ Za”*1 face of o d(o-nila Un) ngn,HUn—l ((_1)nd0" (l’))
+(_]‘)n71 Zo’"*l face of o™ d(o-nil’ gn) do'n71 (Z.Hon,Han,1 (.’L‘))
+(=1)"don ((—1)"don ()

= Za"n_Qlf?ce of f?n_nl d(o-n_27 Un_l) d(o-”_l, 0-”) ng”,Han—2 ('7;)
g ace or o

+(_1)n Za‘”_l face of o™ d(o.n_17 Un) iHan:Hon—l (da-n (ZL'))
H(D)" Yt face o o O 0") i, (don (2)
+da-n (da-n (Z'))

- 20"72 face of on—1 d(o-n_27 Un_l) d(o-n_:l? O-n) /l.HgnyHo.’VLfZ ('r)

on—1 face of o™

=0



because, as is well-known, for each pair (¢, 0" 2) the sum

Z d(e" 2 o™ ) d(o™ ', 0™) = 0.

o"=2 face of oN—1
on=1 face of o

Theorem 4.2. Existence of monomial resolutions for G Ly K

(M,,d) is a kG-monomial complex when G = GL, K and Y is the building
of G.

When G = GLyK (M,,d) is a monomial resolution of the admissible rep-
resentation V' and, as such, is unique up to chain homotopy equivalence.

Conjecture 4.3. Existence of monomial resolutions for GL, K
For n > 3, K local and G = GL, K

MM S M, Y 0

is a kG-monomial resolution. That is, for each (H, ¢) € Mg

€

L M) E ey L (He) < )
is an exact sequence of k-vector spaces.

Remark 4.4. From the monomial resolution one recovers V as the zero-th
homology.

5. RELATION OF THE MONOMIAL RESOLUTION WITH 7g-ADIC LEVELS

5.1. In this section suppose that V' is defined on a vector space over k, an
algebraically closed field of characteristic zero.

For n > 1 consider the compact open modulo the centre subgroup J, =
K* - U, where U,, = 1+ 7 MOp. In this section we shall assume that n is
large enough such that the restriction of the central character ¢ to K*(U,
is trivial. In this case we shall denote by B

¢: K" U, — k"
the character which is given by ¢ on K™ is trivial on U,.

Theorem 5.2.
In the situation of §5.1

N BT Und) V(B Un,9)

VL x

is a K* - U, /U,-monomial resolution, whose chain homotopy class contains a
finitely generated K* - U, /U,-monomial resolution of finite length.

Proof

This follows from the fact that M, — V — 0 is a monomial resolution
of V. I

Remark 5.3. If Conjecture 4.3 were true then the analogue of Theorem 4.2
for GL, K would be true for all n > 1.
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6. EPSILON FACTORS AND L-FUNCTIONS

6.1. If V is an admissible representation of GLo K and M, — V is a mono-
mial resolution as in Theorem 4.2 one may construct epsilon factors for V'
by applying an integral to each Line given by an integral for character values
which in the finite finite case specialises to the Kondo Gauss sums. These in-
tegrals respect induction from one compact, open modulo the centre subgroup
to another.

I am assuming an analogue of the result concerning wild epsilon factors
modulo p-power roots of unity [3] holds for all but a finite set of Lines with
the result that a well-defined epsilon factor modulo p-power roots of unity
is defined by a finite product of Kondo-style Gauss sums. Here I ought to
mention that I slightly disagree with a fundamental result in [3] (see [5]) so
the epsilon factor I propose may only be well defined up to +1 times a p-power
root of unity.

I have yet to develop the approach of Tate’s thesis to each Line to get the
L-functions.

These methods would apply to GL, K if Conjecture 4.3 holds.

7. GALOIS DESCENT FOR G Ly K

7.1. Suppose that K is a p-adic local field and p : GLoK — GL(V) is a
complex, irreducible admissible representation and that £ is the complex field.
Let K/F be a Galois extension and suppose that z*(p) is equivalent to p for
each z € Gal(K/F). Therefore for z € Gal(K/F) there exists X, € GL(V)
such that

Xop(9)XH = p(2(9))
for all g € GLyK. Therefore if z, z; € Gal(K/F) replacing g by z1(g) gives

X.p(z1(9) X" = p(z21(9))
and so
X.p(z1(9) X" = Xo X p(9) X' X = Xosp(9) X2

zZz1°

By Schur’s Lemma X' X' X_. is a scalar matrix and so
f(Z, Zl) = Xzlengzzl

is a function from Gal(K/F) x Gal(K/F) to C*. In fact, f is a 2-cocycle.
By a result of Tate H(F;C*) = 0 if K is local or global. Therefore there
exists a finite Galois extension F/F' such that the 2-cocycle induced by f

f':Gal(E/F) x Gal(E/F) — C*
is a coboundary f' = dF. Then z — X,F(z) is a homomorphism from
Gal(E/F) — GL(V).
Recall that the semi-direct product Gal(E/F) o< GLK = G is given by
the set Gal(E/F) x GLyK with the product defined by

(h1,91) - (h2, g2) : (hiha, g1hi(g2))-



The map

p:Gal(E/F) x GL,K — GL(V)
which sends (z, g) to p(g)X.F(2) is an irreducible admissible representation
extending p. Any two such extensions differ by twisting via a homomorphism
Gal(E/F) — C* for some E.

The action of Gal(K/F) on K @ K preserves the lattice L = Ok @ Ok
and L' = O ® mx Ok and their stabilisers under the tree-action H; and H,
Therefore the Galois action fixes the canonical fundamental domain on the
tree and the semi-direct product acts on the tree of GLy K, extending the
action of GLy K.

Replacing H; and Hy by Gal(E/K) o< H; and Gal(F/K) x H, yields the
following result.

Theorem 7.2.
There exists a monomial resolution of p which is unique up to chain homo-
topy and satisfies the analogue of Theorem 4.2.

7.3. The Galois descent yoga

Take p and form the monomial resolution of p as in Theorem 7.2. Quo-
tient out the monomial complex by the Lines whose stabiliser group is not
sub-conjugate in the semi-direct product to Gal(E/F) x GL,F. This is a
monomial complex for the semi-direct product which originates, via induc-
tion, with Gal(E/F) x GL,F.

In ONE case of finite general linear groups this yoga is equivalent to Shin-
tani descent. See [6].

I conjecture (on the basis of only one case!!) that Galois base change for
admissible representations of G'L,, of local fields can be described in terms of
the above yoga with monomial resolutions.

8. RESTRICTED TENSOR PRODUCTS AND GLOBAL AUTOMORPHIC
REPRESENTATIONS

8.1. Automorphic representations of GLyF where F' is a number field are
constructed by the tensor product theorem. For convenience let F' = Q, the
rationals, so that we can just refer to [2]. Here is the tensor product theorem
in that case - the reader is referred to [2] for details. Suffice to say that the key
to the construction is the fact that V(¢L2Z1) is one-dimensional for almost
all primes p.

Theorem 8.2. Tensor product theorem ([2] Vol. I Theorem 10.8.2 pp. 407)

Let (7, V') denote an irreducible admissible (U(gl2C), Ko ) X GLoA f;,-module.
Let {q1,...,qm} be the finite set of primes where 7 is ramified. Let S =
{00, q1,...,¢n. Then there exists

(i) an irreducible admissible (U(gl2C), K )-module (7w, Vi),

(ii) an irreducible admissible representation (m,,V}) of GL2Q, for each
finite prime p,
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(iii) a non-zero vector v) € Vi for each prime ¢ S such that

/
=@

<00

The factors are unique ([2] Vol. I Theorem 10.8.12 pp. 412).

8.3. Restricted tensor products of monomial resolutions
The restricted tensor product construction of Theorem 8.1 makes sense
when applied to monomial resolutions of local admissible irreducible repre-

sentation of GLy(Q,. One just restricts the tensor product of the monomial

. o 5.GLaZy, . . .
resolutions to lie in M@ %) primes for which V(©L2Z»D) is one-

dimensional.

This constructs a global monomial resolution, unique up to chain homotopy,
for each global automorphic representation of GL;Q or , more generally, for
G Ly F for any number field, F. Handling the Archimedean places in the usual
manner (see [2]) gives a construction of automorphic representations of G Ly F’
via monomial resolutions.

REFERENCES

[1] C.J. Bushnell and G. Henniart: The Local Langlands Conjecture for GL(2); Grund.
Math. Wiss. #335; Springer Verlag (2006).

[2] Dorian Goldfeld and Joseph Hundley: Automorphic Representations and L-
functions for the General Linear Group vols. I and II; Cambridge studies in ad-
vanced mathematics #129 and #130, Cambridge University Press (2011).

[3] G. Henniart: Galois e-factors modulo roots of unity; Inventiones Math. 78 (1984)
117-126.

[4] J-P. Serre: Trees; Springer-Verlag (1980).

[5] V.P. Snaith: Remarks on a paper by Guy Henniart (an essay concerning Galois
epsilon factors modulo roots of unity), posted on my Sheffield webpage April 2012.

[6] V.P. Snaith: Galois descent of representations, posted on my Sheffield webpage
January 2013.

10



