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ABSTRACT. In other lectures in this series one encounters local L-functions,
functional equations and local epsilon factors of admissible representa-
tions. The p-adic Galois epsilon factors are numbers lying on the unity
circle and they are fundamental in the local Langlands correspondence
which was proved by Mike Harris and Richard Taylor. Later part of the
proof was simplified by Henniart using his “uniqueness theorem”, which
is characterised in terms of p-adic epsilon factors .

In this lecture, which is mainly expository, I shall outline the calculation
by Deligne and Henniart of the p-adic epsilon factors of wild, homogeneous
Galois representations modulo p-primary roots of unity. This formula is
an important ingredient in the proofs of the uniqueness theorem. The only
novel ingredients in my exposition will be the use of monomial resolutions
to reduce to the one-dimensional case and an explicit formulae for the
Deligne-Henniart “Gauss sum” (which seems in my opinion to contradict,
in the tamely ramified case, one of the lemmas - claimed in general but
used by Henniart only in the wild case - at the crux of the proof).

1. THE BASIC INGREDIENTS

1.1. These notes are an exposition of the papers [27] and [37] which culminate
in the derivation of a formula for Galois local constants (otherwise known as
Galois epsilon factors) modulo p-power roots of unity for wildly ramified,
homogeneous representations on the Weil group of a p-adic local field.

My account will differ from [27] in §3.3, which I shall derive using mono-
mial resolutions. Furthermore, since it is well-known how to pass to and
fro between Galois group and Weil group representations, I shall restrict the
discussion to the Galois case.

[ am posting this one my webpage in this unpolished form, rather than
posting it on the Arxiv, because I have been allowing it to languish completely
unnoticed for nearly two years. I am very grateful to Paul Buckingham and
Guy Henniart for their expert assistance.

Date: April 2012.



1.2. Ramification groups and functions

Let us recall from [61] the properties of the ramification groups Gal(K/E);,
Gal(K/E)* and functions ¢/, ¥k associated to a Galois extension K/FE
of local fields with residue characteristic p.

Let vi denote the valuation on K, Ok the valuation ring of K and write
G = Gal(K/FE). The ramification groups form a finite chain of normal sub-
groups ([61] p.62 Proposition 1)

{1} =G, C...CGi1CG C...CGiCGCG =G
defined by
Gi={9€G|v(g9(x)—z)>i+1forall x € Ok}

The inertia group is Gy and G_1/G) is isomorphic to the Galois group of the
residue field extension. If H = Gal(K/M) C G then H; = G;(H. The
quotient Go/G1 is cyclic of order prime to p while G is a p-group and each
G;/G;iyq with i > 1 is an elementary abelian p-group.

The function ¢x/p : [-1,00) — [—1,00) is a piecewise-linear homeomor-
phism given by

(

U if —1<u<O0,

u|G1| .
bx/p(u) = Gol if 0 <u<l,

|G1|+...+|Gm |+ (u—m) |Gy
\ |G0|

if m<u<m+41,1 <m an integer.

At a positive integer ¢ > 1 the slope of ¢x/g just to the left of i equals

‘lg(i)l' and just to the right it is ||GGZ‘1| Therefore the condition that G; = G411

is equivalent to ¢/ being linear at i. If G; # G;;1 then ¢g/p is concave
downward at i and ¢ is called a “jump” value for the lower filtration. If

Go = ... =G, # Gryq then ¢g/p(x) = if =1 <2 <r and ¢g/p(x) < x if
r<a.

If g € Gy then g € G; if and only if g(7x)/mx = 1 (modulo Pk).

The function /g : [—1,00) — [—1,00) is the piecewise-linear homeo-

morphism given by the inverse of ¢x/p. Hence ¢ /p(i) = a is not necessarily
an integer. To accommodate this we extend the definition of the G;’s to G,
for any real number u > —1 by setting G, = G; where j is the smallest
integer satisfying u < j.

Given a chain of fields £ C M C K there are chain rules

Omye(Oxm(2)) = Or/e(2),  Vrm(Vmye(Y) = Yi/E(Y).
The upper numbering of the ramification groups is defined by the relations
G = G@Z’K/E(v) and Gorx/e) — G..

If H= Gal(K/M) <G is a normal subgroup then (G/H)" = G'H/H.
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In §1.5 we shall utilise the extension of the upper numbering filtration to
the case of infinite Galois extensions such as F'/E. Following ([61] Remark
1, p.75) for K/E an infinite Galois extension we set

Gal(K/E)" =lim Gal(K'/E)"

where K’ runs through the set of finite Galois extensions of E contained in
K. The filtration Gal(K/E)" is left continuous in the sense that

Gal(K/E)" = (| Gal(K/E)".
w<v
As we shall see in Proposition 1.3, the upper filtration Gal(K/E)" is not right
continuous. One says that v is a “jump” for the upper numbering filtration
if Gal(K/E)" # Gal(K/E)"*¢ for all € > 0. Even for finite Galois extensions
an upper numbering jump need not be an integer ([61] Exercise 2, p.77).

Proposition 1.3.

(i) Let K/E be a, not necessarily finite, Galois extension of p-adic local
fields'. Then for any o € R there exists v < a such that Gal(K/E)? =
Gal(K/E)*.

(ii) Let K/E be an infinite Galois extension of p-adic local fields. Then
the filtration Gal(K/E)" is not right continuous in the sense that, if v is a
jump for the upper numbering filtration,

| Gal(x/E)" Z Gal(K/E)®.
Proof

In (i) the set of jumps in the upper ramification filtration is discrete. Sup-
pose that {,} is an increasing sequence of real numbers such that 3, < «
tending to a from below. Therefore the sequence GP* will eventually stabilise
(i.e. becoming equal for large enough n < «). Therefore there is one of these
B,’s, say vy, such that

Gal(K/E)” = (| Gal(K/E)" = (] Gal(K/E)" = Gal(K/E)",
w<a w<y
as required.
In (ii) we consider the infimum
a=inf{a € R | Gal(K/E)* C Gal(K/E)"}.

By part (i) there exists v < « such that Gal(K/E)” = Gal(K/E)%. Sup-
pose that Gal(K/FE)? CGal(K/E)" then, by definition, a < 7 which is a
contradiction. Therefore

Gal(K/E)* = Gal(K/E)" ¢ Gal(K/E)".

1T am very grateful to Paul Buckingham and Guy Henniart for explaining the proof of
this proposition to me.
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However, if v < w then Gal(K/E)* C Gal(K/E)" so that o < w and there-
fore Gal(K/E)" C Gal(K/E)* which implies that

C
|J Gal(K/E)" C Gal(K/E)* # Gal(K/E)",
v<<w
as required. [J
The proof of part (ii) of Proposition 1.3 establishes the following result.

Corollary 1.4.
Let K/E be an infinite Galois extension of p-adic local fields. Let v be a
jump for the upper numbering filtration and define

a=inf{a € R | Gal(K/E)* C Gal(K/E)"}.
Then « is strictly smaller than v.

1.5. Wild, homogeneous local Galois representations

All fields are non-Archimedean local containing F'/Q,. Let o be a non-
trivial, continuous, finite-dimensional complex representation of Gal(F/E).
The level a(o) is the least a such that o restricted to Gal(F/E)® is non-trivial
but o restricted to Gal(F /E)**€ is trivial for all € > 0. There exists an upper
numbering ramification group with this property by left continuity of the
Gal(F/E)™’s because there are certainly ramification groups Gal(F/E)® on
which o is non-trivial. Define a(o) to be the supremum of the set of real
numbers v such that o is non-trivial on Gal(F/E)". Therefore

Gal(F/E)*) = (| Gal(F/E)".
v<a(o)
Then o is wild if a(o) > 0. If ¢ is wild and irreducible then ([36] §3)
a(o) = dim(o)(1 + a(0))
where f(o) = PE(U) is the Artin conductor of o (see §1.10 for the definition

of a(o)).

There exists a finite Galois extension K/FE such that o (faithfully) factors
through the finite Galois group Gal(K/E). Since Gal(F/E)*“) is the last
ramification group (in the upper numbering) on which o is non-trivial its
image in G = Gal(K/E) is abelian and normal. The representation o is

homogeneous if

Gal(F/E) -~
RS (7 )i (9) = X0

where n = dim(o) and x, : Gal(F/E)*?) — C* is a character of finite
order. o
Suppose that the image of Gal(F/E)*) in G is

A = Gal(K/M) = Gal(K/E)*) 4 G.

Suppose that o is irreducible and wild then it will not necessarily also be

homogeneous but let us suppose that it is.
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We remark that, if o is not homogeneous then Clifford theory, which deals
with restriction to normal abelian subgroups, implies that

ResG(0) =m(x1 ®x2 @ ... D xe)

where the conjugacy G-orbit of x; is {x1,...,X¢}. This means that each of
the x;’s is non-trivial on A.

Furthermore, if ¢ is irreducible, wild and homogeneous, then y, will be
fixed under the conjugation action by G. This is because for a € A,g €
G,veV

o(a)v = xo(a) - v and o(gag™")(v) = o(g)(xo(a) - (0(9) "' (v)) = o (a)v
since o(a) is multiplication by a scalar.

Therefore x,, corresponds via class field theory to a character y : M* — C*
which is invariant under the Galois action of G on M. On 1+ PX/}X)_l X has
the form x(1 + x) = ¢ (gx) for g € M* such that g € M*/1 + Py is well-
defined. Here ), is a choice of additive character, which depends on the

choice of ¢ and is then defined as 1y; = ¢p - Tracey/r. Therefore, defining
Cg = ((E*/1+4 Pgr) ®Z[1/p]), we have a well-defined element

9= 9o € (M*/1+Pux) @ Z[1/p)® = ((E*/1 + Pr) @ Z[1/p]) = Ck.
From the short exact sequence, when p is odd,
0 — (Op/Pgp)" @ Z[1/p] — Cp — Z[1/p] — 0

we see that Cr ® Z/2 has four elements.
Note that the element g, can be defined for any wild, homogeneous repre-
sentation, irreducible or not.

1.6. Varying M in §1.5

One can vary the choice of M in the above construction. Suppose we take
another subfield M’ fixed by A = Gal(K/M) = Gal(K/E)*). Therefore
we must have M’ C M and we may as well assume that M’ # M. Set
A" = Gal(K/M’) so that A C A’ is a proper subgroup. Note that A’ is not
necessarily abelian (it would be if o were faithful) but A is, in fact it is cyclic
because Y is faithful on A.

We shall also assume that o restricted to A’ is equal to ny’ for a character
X’ which must restrict to y on A. In terms of local class field theory we have

sz’-N:M*L(M')*L(C*.
Consider A = Gal(F/M) = Gal(F/E)*) and A" = Gal(F/M’). Let
a(M/M') denote the real number
a(M/M") = inf{a € R | (4)* C A}.

Theorem 1.7.
In the notation of §1.6

a(M/M') < a(x) = a(x) — L.
5



We begin with an intermediate result.

Proposition 1.8.
In the notation of §1.6, a(M/M’) < a(x’).

Proof

Since the upper ramification index is preserved under passage to quotient
Galois groups it will suffice to prove this by studying the finite extension K/FE
as in §1.6, where we continue to assume that o is faithful although K/FE is
not necessarily abelian.

We can show that a(M/M') < a(y’) by showing that

(A/)a(x’) C A

By definition ([61] p.71, Remark 1) a(c) is a jump because o : Gal(K/E) —
GL,C is one-one and o is non-trivial on A = Gal(K/M) = Gal(K/E)* but
is trivial on Gal(K/E)*@)+< for all € > 0 so

{1} = Gal(K/E)*@*¢ +£ Gal(K/E)*)

for all € > 0.

By the theory of the Herbrand functions ¢ and v (§1.2; see also [61] Chapter
IV §3) there exists a real number v = 9 x/g(a(co)) such that

Cal(K/E)*) = Gal(K/E),.
This means that Gal(K/FE), = Gal(K/FE); where i is the smallest integer
satisfying ¢x/p(a(o)) = v < 1. If v < then a(o) = ¢r/p(7) < dr/p(i) =
§ and Gal(K/E)*®) = Gal(K/E)’, which is a contradiction. Therefore
Yi/p(a(o)) = 4, an integer. Furthermore ¢ must be a jump for otherwise
G; = Gy and Gal(K/E)*?) = Gal(K/E)?x</e(+1)  Therefore we have
{1} = Gal(K/E);4, C Gal(K/E); = Gal(K/E)*).

Now consider A’ A which equals, by ([61] p.62 Proposition 2) since i is

an integer,

A'(A=A'(Gal(K/E)*) = A'(Gal(K/E); = (A); = (A')°

for 3 = ¢xm (7). Since x’ restricted to A is equal to x, which is one-one, x’
restricted to (A’)? is non-trivial.

Now let j be the largest integer for which the restriction of x’ to (4’); is
non-trivial. Therefore j > i and also, by [61] p.102 Proposition 5), ¢/ (j) =
a(x’). Hence ([61] p.73 Proposition 12)

B = ¢y (i) < dxppr (7) = a(X')-
By definition of a(M/M') we have
a(M/M') < § < a(x).
0J



1.9. Proof of Theorem 1.7
Suppose that a(M/M’) = a(x’) then, in the notation of the proof of Propo-
sition 1.8, a(M/M') = = a(x’) and so

AA= () =(4)™).

Therefore
a(M/M') = inf{a € R | (4)* C (4)*X}.
By the proof of Proposition 1.3(ii)

(A/> a(M/M") ( )a(x
which contradicts the assumption that (A")2M/M) = (A0 O

1.10. Recap of abelian local root numbers

Let us recall from ([52] p.29) the formula for the abelian local roots num-
bers. Let x : E* — C* be a character (i.e. with open kernel). Let a(x) =0
if y is trivial on O3, and otherwise let a(x) be the least integer n > 1 such that
X is trivial on 1+P%. The Artin conductor is given by the ideal f(x) = Pg(X).
For example, if the residue field satisfies Op/Pg = F,a and x restricted to
O3, has the form

then a(y) = 1.
In each of these cases the local root number is given by the formula ([52]

p.29)
1

N7 we(Og/PEe)*

where ¢ is a generator of f(x)Dg.

1.11. The Gauss sum of [37]

Let P = mgOFf and let vg be the E-adic order of 15 on so that the inverse
different satisfies D' = P,"”.

Suppose that p # 2 and that x € E* satisfies vg(z) 4+ vg is odd. Therefore
we have an integer b such that

We(x) = x(w)x(c) M pp(w/c)

0=vp(r)+ve+2b0+1.
Hence
xﬂ_E PE C 7)21) vEp—2b—1+1 D;('l

so that Yp(z72¢) = 1 for all £ € Pg.
Consider the Gauss sum

plx)= Y ¢plarpe?/2)eC.
£€(Or/Pr)*
7



Note that there is a misprint? in the definition of ¢ in ([37] §2)

If we replace & by & + mgu with u € O we have
ZﬁE(ﬂ?W2b(5+7TEU)2/2) = ¢E($7T2b52/2)'¢E($72b(f7TEU+7T?5U2/2) = Yp(zr?e?/2)
so that ¢(x) is well-defined.

If v € Of then

plev®) = Y Yplari(v€)?/2) = ¢(x)
£€(Op/PE)*
and for any a
dleni) = Y vplempmy € /2) = o(x)
£€(Op/PE)*
so that we have a function, which is not a homomorphism (see £ = Q, in
§1.12 below),
¢: (E"/(1+Pp))®ZL2—C
defined by setting ¢(z) = 1 if vg(z) + vg is even. By the usual argument,
if ¢ is the order of the residue field Op /Py then ¢(z)? = (—1)@—1/2¢y if
vg(z) + vg is odd. Define a map
by the formula

f\(/% if vg(z) + vg is odd

Gp(zr) =
1 if vg(z) + vg is even.
Since ¢(x) = ¢(aP) because p is odd we may extend G to a non-homomorphic
function
Gp:Cp = ((E"/1+ Pg) ® Z[1/p]) — pa.
When p = 2 set Gg(x) =1 for all z.
1.12. The case E = Q, and the misprint of ([37] §2)
When E = Q, with p # 2 we have
Go, Q) (Q)) = Q@ Z/2 — puu.
Now Q;/(Qi*) = {1, u,p,up} where u € Z} and the mod p Legendre symbol
satisfies ([67] p. 267)

We have vg, = 0 and vg,(z) + vg, is even for x = 1,u and vg,(v) + vg, +
2(—=1) +1 = 0 when z = p, up. Therefore

Go,(1) =1 = Go,(u)
In ([37] §2) the sum is taken over all the elements of the residue field. The error can

be seen by taking F = Q, (see §1.12 below).
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and, if &, = e>™V=1/P,

o/ —Top—2 22
Go,(p) = \/%Zze@/p)* 2/~ Tpp222/2

_ 1 22/2

= U5 ey &

_ 1 z/2 1 w w/2
= U5 Lsepy & T 7 2we(z/y (5) P
_ 1 w/2

= & YV ucim (%)

_ (2 1 w/2 w/2
= (5)7152106(23/10)* (T) v

(129) W, (I(p)) in the notation of ([67) p.267)

p

_<Z>\/__1 if p =3 (mod 4)

(2) if p=1 (mod 4).

p

3The sum over all the residue field, as in ([37] §2), would add ﬁ to G, (p) and then

its square would not be equal to (—1)®~1/2 as claimed in ([37] §2)
9



7/ — lupp 222
GQp(up) — \/Lﬁ ZZE(Z/p)* 62 v —T1upp /2

1 uz?/
— /P ZzE(Z/p)* 5}7

z/2 1 w w/2
= 5 Y &~ G5 S (2)6
1 w w/2
D ZwE(Z/ID)* <5) P
_ 2\ 1 w/2\ gw/2
- (5) 7p ZwE(Z/p)* <T) P

= <%> Wa,(I(p)) in the notation of ([67] p.267)

(

SN

) V=1 if p=3 (mod 4)
)

-

Therefore G, (up) # Gg,(u)Gg,(p) which confirms that Gg, is not a ho-
momorphism.
In general, therefore, the formula for G, is given by ([67] p.267)

G ) = (2 ) W 1)

1.13. The formula for Gg in general when p # 2
Let N : IF:’I‘d — F, denote the norm. It is a surjective homomorphism, by
Hilbert’s Theorem 90 and element counting, so that we have a surjection

N :F../F2 =F. QL2 — F,;/F; = F;  Z/2

if p=1 (mod 4).

oV, (2)

which is therefore an isomorphism since both groups have only two elements.
The exact sequence

0 —0p —FEF" —Z—0
yields a short exact sequence
0— O0p®Z/2— E*/E* — Z/2 — 0
and in the short exact sequence
0—14+Pp— Op —F.—0
the group 1+ Pg is 2-divisible so that we have an isomorphism

Oy ®LJ2 > F:Z/2.
10



Therefore E*/E? has four elements which are {1,u, 7g,urg} where u € O%
maps to a non-square in ;‘d. If ¢ is a power of p then the condition on u is

equivalent to
NIE‘q a/Fp (u) B ]
) = —1.

Recall that D' = (7g) 5.
Suppose that vg +2b+ 1 = 0 so that

vp(1)+ve+20+1=0=vg(u)+veg+20+ 1.
Therefore for x = 1, u we have

Gp(z) = ﬁzze(oy%)* Vi(ang2?/2)

- \/NITE‘ Zze(oE/PE))* Vp(rngz/2)

Ny /5 (w)

+ TR Lwe(On/Pr))" (qT) Y(anRw/2)

Nr ,/m,(22) 1 Np LA/ (w)
N ( q P VN7 ZwE(OE/PE))* Q/}E(ﬂ-Ew)

It would be nice to be able to apply the Davenport-Hasse theorem ([47] p.20)

to this Gauss sum but this is only immediate in the case of E/Q, being

unramified because the additive character g involves the trace for £/Q,

rather than the trace for their residue fields. When vg is odd then Gg(ung) =
Suppose that vg + 2b+ 2 = 0 so that

I/E(TI'E)—FVE—{—QZ)—I—l:OZVE(U’]TE)—l—I/E—l—Qb—F 1.

Therefore for x = 7, urg we have
Gp(r) = ﬁ Zze(OE/PE)* ve((z/mp)mg A 2/2)

= 8= 2se(op/pe) VB((@/7E)T 21, /2)

Nr , /m, (w)

+ N 2owe(Os/Pr))* (—q - )¢E(($/7TE)7T%b+1w/2)

Ng_,/m, (2(x/7E)) 1 N ,rp (W) bl
- ( 7 > TN 2 we(Op/Pr))* (—q - Yp(ry T w).

1.14. The case when a(x) =1
Now suppose that ¢ is a generator of f(x)Dg. In the notation of §1.13
the inverse different is given by Dp' = (75)"#. Therefore if a( ) =1 and

vp +2b+1 =0 then f(x)Dg = PHVE P? and so ¢! = 7%, Similarly
11




a(x) = 1 and vg + 20+ 2 = 0 then f(x)Dr = Py"" = Pz*"! and so
¢l = g2t

Therefore, if xg : E* — C* satisfies yg(7mg) = 1 and

Normy , r, (2 + Pk)

xe(z) = ( ) ) € {£1}

for 2 € O% and E*/E* = {1,u, g, ung}. the formulae of §1.13 become

p

N (2z)
(m) We(xe) x = 1,u and vg odd,
1 r =7, urng and vg odd,

Nr /5, (2(x/7E))
BEEEre— We(xg) x=7g,urg and vg even,

1 r = 1,u and vg even.
\

2. THE FORMULA OF ([37] P.123 (5)) FOR THE BIQUADRATIC EXTENSION

2.1. Consider the formula of ([37] p.123 (5)) for an extension N/FE

We(Indyyp(1)) = n/6(9) " Gr(9) ' Ge(g)V ) €

which holds for all ¢ € E* but only depends upon g € E*/E** = (1,u, 7g, ung).
In this subsection we shall examine the formula in the all important case when
N = E(y/u,y/7g). Bear in mind that p is odd so that E(y/u)/E is unram-
ified and E(\/7g)/E is totally ramified. The extension N/E is the unique
biquadratic extension of F.

Recall that (see §3.4)

The trace form of N/E is represented (in the sense of Galois descent theory
([67] p.102 Example (2.31)) by the regular representation of Gal(N/E) =
7]2 X 7.]2

(N/E) =1+ 1l(u) + l(mg) + l(urg)
in the notation of [67]. Therefore the second Hasse-White invariant is given
in H*(F;Z/2) = {+1} by

HWy((N/E)) = Uuw)l(rg) + l(u)l(urg) + l(7p)l(urg)
= l(uw)l(mg) + l(uw)(l(u) + U(7g)) + l(7e)((u) + U(7E))

= l(u)l(7g) + l(—llgl(u) +U(—=1)l(7Eg).



By a formula of Serre ([63]; [65]; [67] p.95 Corollary 2.8)
SWs(Indwyp(1)) = HW>((N/E)) +1(2)0n/5 = HW5((N/E))
since, in cohomological notation
Sn/p = l(u) +U(mg) + (urp) € H(E;Z/2) = E*/E?

which is trivial because [(u) +1(7g) = l(ung) (c.f. [67] p.102 Example (2.31)).
Therefore the formula under discussion simplifies to the form

(Uw)l(mp)) - ((=1)l(u)) - (((=1)l(mp)) = Wp(Indy;p(1)) = Gn(g9) " € {£1}

where the products on the left hand side are cup-products in mod 2 Galois
cohomology.

Next we need to verify that vy is even, which will follow from the transi-
tivity formula for discriminants ([61] III §4). Let us recall how that goes.

We have the trace Trp x : L — K for an extension of local fields L/K.
The trace form (L/K) : (z,y) — Trp/k(xy) is symmetric and non-singular on
L. Let {e;} be a choice of Ok-basis for the free module Oy, then the discrim-
inant of L/K is the ideal of Oy, generated by the element det(Try k(e;e;)) =
(det(co(e;))?* where o runs through the set of K-monomorphisms of L into an
algebraic closure of K. Set

DZ/lK ={yelL] TTL/K(RC?/) € Ok for all x € O},

which is the inverse different of L/K (or codifferent) and it is the largest
Opr-submodule of L whose image under Try,x lies in Og. The inverse of the
codifferent is the different Dy /x which is a non-zero ideal of Op. The absolute
different is the case when K = Q,, the prime field. Transitivity for the chain
of fields Q, C £ C N takes the form

Dnyo, = Dn/i - Diyg,-

Also Dgjq, = Dp = (mg)"” and the ramification index of N/E is 2 so that
the order vy of the discriminant of N is even unless £/Q, is unramified.
Suppose that £/Q, is ramified so that vy is even, 7y = /7g and

NJqu/[Fp(Q(QJ/TFN))

> ) Wn(xn) @ =my,uymy and vy even,

GN(:L‘) = (
1 r = 1,uy and vy even.

Therefore Gn(g) =1 for g € E*.

This means that the unique biquadratic of E extends to a QJs-extension,
which is correct because each p-adic local field has a (Jg-extension and each
such extension has a unique biquadratic subfield.

It remains to consider the case where E/Q), is unramified and so we may
assume 7 = p. In this case, by the ramification criterion of ([61] III §5
Theorem 1) Dg/q, = Op and Dy/p = Oy if and only if N/E is unramified.
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However F(y/u)/FE is unramified but for N/E(y/u) in fact the inverse different
is the fractional ideal generated by my' = JTE * so that vy =1 and

N]qu /7p (2T)
p

( ) Wx(xny) = =1,uy and vy odd,
Gn(z) =

1 r = 7N, unyTy and vy odd.

Once again, because of the existence of (Jg extensions of E we must have, for

g €L,
Np a/Fp 2
1=Gn(g) = <+()> W (xn)-

Now

Ne /v, (2) 2\ 4 (On/Pr) (p? ~1)dimg, (ON /Pn)

p D

by the second subsidiary law of quadratic reciprocity.
Next we use the Davenport-Hasse theorem to compute the local roots num-

ber

1
WN(XN) - \/N—ﬂ']\[ we(@%/:PN)* XN (w)¢N<w/C>,

where we have used the fact that xyy(c) = 1. Also ¢ generates f(xny)Dn =
Py = (P°) = (p) so that

Wriw) = e 3 xw(w)n(w/p).

N7y we(On /PN)*

Now let L = Q,(,/p) then
Wilxe) =7 Yaeer; (3)01(2/p)
= (3) L Trer, (Z)00,20/p)
= (2)Wg, (U(p))
(3)(=i) if p=3 (modulo 4)
(2) if p=1 (modulo 4),
by ([67] p.266).

Since N/L is unramified the Davenport-Hasse theorem ([47] p.20) implies
that

Wy (xn) = —(=Wr(xr)) e On/Py),
14



The residue degree is even so set dimg,(Ox/Py) = 2d. Then we have?

(2)*4(=1)* if p =3 (modulo 4)
(%)M if p=1 (modulo 4)
(—=1)®*t if p =3 (modulo 4)

-1 if p=1 (modulo 4).

2.2. The Davenport-Hasse theorem when E/Q, is unramified
Suppose that £/Q, is unramified of degree d and that p # 2. The restric-
tion of the trace

Traceg/q, : Op — Z,
is surjective so that vg = 0 and we may choose 7g = p. Then Gg(1) =1 =
Gg(u) and for x = p,up

N]de/le(Q(fE/P)) N]de /¥, (W)

Get) = () o Scousm (T4 ) v

Nr_, /7, (2(z/p)) 1 Ng /5, (w) -
:_< T >\/ﬁ<_1)2we(o]z/%>)* —5 ) Yelw)

N]de/JFp(Q(x/p)) 1 o\ cond
= — ( ) > \/E(_ Z’UEF; (5) gp)

NJde/]Fp@(z/P))

= e (B w1,

by the Davenport-Hasse theorem ([47] p.20).

Question 2.3. Perhaps the proof of the Davenport-Hasse theorem given in
([47] p.20) would evaluate the Gauss sums of §1.13 in general?

3. p-ADIC G ALOIS EPSILON FACTORS MODULO p-PRIMARY ROOTS OF
UNITY

In this section I shall give the proof of the main result of [37].

Theorem 3.1. o
Let o be a wild, homogeneous representation of Gal(F'/E) then

Wg(o) = Det(0)(g0) ' Gr(s)™ ) (modulo ).

4This seems to contradict the formula of ([37] p.123 (5)). However this is only a tamely
ramified extension.
15



3.2. How to use the strict inequality of ([37] p.121)
We shall use the strict inequality of §1.6(e)

a(M/M') < a(X'),

assuming which I can run the following argument from ([37] p.121). In this
case, providing that a(M/M’') < n, we have a commutative diagram ([27]
Corollary 3.12(i))

Pit/ Pt 1+ P/ 1+ Py
r — 1+=x
Traceps Normz/as
1
Pr, /P y = 1ty (1+P2)/(1+ Pl

in which the vertical maps are surjective and where m = ¥p/a(n).
If we have the strict inequality a(M/M') < a(x’) we may take n = a(y') =
a(x’) — 1 and m = Yy (a(x’)). By [27]

a(x) = a(x' - Normuynr) < Yaymr (X)) = m

and since Normy/y is surjective the composition y = X' - Norm, /M 18 mon-
trivial on (1 + Py /(1 + Pith) so that m < a(x). Therefore

m = a(x) and a(x) =m + 1.

Now suppose that we have ¢ € (M’)*/(1 + Pyp) such that for all y €
Pt pet

X'(1+y) =Y (g'y)

and that we have g € M*/(1 + Pyy) such that for all z € P]?‘/[(X)/p]c\v}x)ﬂ

X(1+ ) - b (g)-



Taking y = Traceps/nr (z) we have

Yu(gr) =x(1+z)
= x'(Normyg /(1 + )
=x(1+y)
=Y (9' - y)
= Par (g - Tracenrar (x))
— Y (Traceyar (9'c))

= Yu(g'r)
which shows that choosing Y’ instead of y leads to the construction of the
same element

9o € (E*/1 4 Pp) @ Z[1/p]) = C(E).
We have

C(E) = (B*/1+Pr) @ Z[1/p] — ((M')*/1+ Paar) @ Z[1/p)°
= (M*/1+Pyr) @ Z[1/p])¢

and we have just shown that g, = g, = g»v When considered as elements
of C(E). This means that, if the elements g, € E* and §,, € (M')* both
represent g, € C'(F) then, for some positive integer r,

(gcr/gazx’)pr €1+ Pu.
Therefore, if p: (M')* — C* is a character of finite order then

P(95)/ P(Goxr) € pipes-
In addition
Gur(Go) = Garr(p(Go,x)-
These facts are used below in §3.4.

3.3. The improved induction theorem

Here I shall assume a familiarity with monomial resolutions for finite groups.

If o is a wild and homogeneous representation of G = Gal(K/F) as in §1.5
then VA% = V and the (A, x)-part of the monomial resolution for V gives
another monomial resolution in which every stabilising pair (Gal(K/M;), x;)
is larger than or equal to (A, x). Furthermore the Euler characteristic in
R, (G) is well-defined because the Euler characteristic of the whole monomial
resolution is well-defined. Therefore we have

o= Z niInd%ial(K/Mﬁ(Xl’) € R(G)

17



where A C Gal(K/M;) and x;|A = x for all i. Therefore each Indgal(K/Mi)(Xi)
restricts to [K : M;]x on A. This means that

9o = G1ndS

Gal(K/M; y(xi)
for each 1.

Note: There is a subtlety here to be careful of.

The entire representation Indgal( & /mp(Xi) 18 wild and homogeneous (with
the same associated character as ¢) but this does not mean that y; is wild.
We know that A is a ramification group for Gal(K/M;) with the same lower
numbering as A has for G but the definition of g,, depends on the upper
numbering which does not intersect well with subgroups!

3.4. The proof of Theorem 3.1

The result is already known when p = 2 [72] so henceforth p is an odd
prime.

Write Ay/p = Wg(Indy/g(1)) € pa. The Ay/g’s are a very subtle and
important family of numbers, to the construction of which approximately
200 pages of the 400 pages essay [48] are devoted. In [26] it is shown that,
for any orthogonal Galois representation,

WE(O') = SWQ(O)WE(Det(O'))
In ([67] p.274; see also [68]) is given a very quick construction of Wg(o) when
o is orthogonal, which immediately gives the existence and Deligne’s formula.

The formula is used in §2.1.

Suppose the we are given a wild, homogeneous representation o as in §1.5.
Define

((0) = Det(0)(g5) " G(r) @) € C*/ 1

so that our objective is to show that
We(o) = ((0) € C*/pye.

Notice that if o and 7 are two wild, homogeneous representations such that
9o = gr then ((0®7) = ((0)((7). Furthermore when 7 is one-dimensional we
have Wg(n) = ((n) € C*/uy~ by ([34] p.4). Using the inductivity properties
of Wg(—) and the induction theorem of §3.3 we shall derive Theorem 3.1
from the one-dimensional case.

Consider the equation of §1.5

0= Z nindGi i, (i) € R(Gal(K/E)).
By inductivity (in relatlve dimension zero) of the local constants we have
o) = H Wp(In dgi(gf/[))@ "= H A, W (i)™
Since, by §3.3, f(;r each 7 Z
9o = Jmds

Gal(K/M; )(Xl)
18



we find that
Gal(K/FE ng "
H ¢(In dGalEK?M) (xi))™ € C*/ppee.

Therefore, if we can show that for each 7

Gal(K/FE Gal(
WE(IndGangfM)i)(Xi)) o g(IndGal ; )z)(XZ))

€ C*/ ptys
Wi, (x:) ¢(xi) &
then the result follows because Wiy, (x;) = C(xi) € C*/ppee
In the situation of §1.5 we have Resial(K/E) (0) = nxo and on 14 Pix-)-1

we have x, (1 + ) = ¥y (g9,2) and g, € C(E)[1/p].
Now suppose (N, x) is one of the (M;, x;)’s so that

(A, x,) < (H =Gal(K/N),x) and N < M.
Therefore, if dy/p = Det(Indy/g(1)), in C*/pp~ we have
We(Indn/e(x)) = AneWn(x)

= 0n/e(9) " 'Gn(9) Gr(g) ™ EX(9) TGN (3),

by Proposition 3.5, for any g € E* and where on 1+7DX,(X)_1 we have x(1+y) =

Yn(gy). Then g = g, € C(M)[1/p] so that Gn(g,) = Gn(9).
Therefore

We(Indy/e(x) = 0n/e(9e) " Grlge) N IX(9) ™" € C /iy
but g,/g lies in a pro-p group so x(§)/x(gs) € ppe. Hence, by the formula
Det(Indy/z(x)) = Resp- (x)dn/5
of ([25] Proposition 1.2)
Wi (Indy/e(x)) = Det(Indn;s(x)) ™" (95)Gr(ge) N € C*/ e
which implies the general formula for Wg(o) (modulo pip).0]

Proposition 3.5. ([37] Proposition 1 p.125)
Let K be a finite extension of F in F' and let g € Cr ® Z[1/p]. Then

We(Indg/s(x))
Y flG [K:E] cC* -
W () k/E(9) x(9) / tp
for every character y of K*.
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