p-ADIC COCYCLES AND THEIR REGULATOR MAPS

ZACKY CHOO AND VICTOR SNAITH

ABSTRACT. We derive a power series formula for the p-adic regulator on
the higher dimensional algebraic K-groups of number fields. This formula
is designed to be well suited to computer calculations and to reduction
modulo powers of p.

1. INTRODUCTION

Let F' be a p-adic local field. Then a p-adic regulator is a homomorphism
of the form, for s > 2,

Rp : Koy 1(Op) =2 Kys_1(F) — F.

There are lots of such p-adic regulators in the literature (see, for example,
[13] §5) . They have a number of important uses in arithmetic and geometry.

Borel’s construction of the Archimedean regulator [1] uses the van Est
isomorphism between continuous and Lie algebra cohomology. In [5] Huber
and Kings use an idea originally due to Wagoner [16] which substitutes the
p-adic Lazard isomorphism [8] for the van Est isomorphism to construct a p-
adic regulator. Using the Bloch-Kato exponential [5] shows that their p-adic
regulator coincides with the étale regulator of [14]. A p-adic regulator due to
Karoubi is constructed using cyclic homology and relative K-theory ([6]; [7]).
An alternative construction of Karoubi’s regulator is given by Hamida in [4]
as an explicit p-adic integral.

In ([2] IT) we used R.H. Fox’s free differential calculus to design an algorithm
(implemented in C) to construct explicit homology cycles for the general
linear group whose Borel regulators were calculated by power series algorithm
(implemented in MAPLE) designed from the explicit formula given in [3]. In
the course of working on [2] we noticed that our power series also converged
p-adically, giving rise to an elementary, complete account of the regulator of
[4] which culminates in Rp of Corollary 4.3. Independently this construction
was introduced in [15] and used to show that the regulators of [4] and [5]
coincide up to a non-zero rational factor.

Our original motivation for developing the details of the p-adic regulator
was similar to our motivation for [2], namely that the power series makes
possible an algorithm for evaluating the p-adic valuation of the regulators on
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homology classes in the general linear group of number rings such as those
given by the algorithm of [2]. In addition, for p-adic fields the power series
approach potentially offers a way round the p-adic analytic continuation prob-
lems which can sometimes bedevil the calculation of p-adic polylogarithms.
Also the values of the p-adic regulator of a p-adic local field F' land in a
fractional ideal of F' and a powers series formula can simply be truncated to
evaluate the regulator modulo a power of p. In all other respects it should
be clear to the reader that our approach has nothing to add to the more
sophisticated methods of [5], [6] and [15].

We are very grateful to the referee and the editor for suggesting a number
of improvements to our exposition.

2. FUNCTIONS ON p-ADIC POWER SERIES

Definition 2.1. Let F' be a p-adic local field and let O denote its valuation
ring. Let N be a positive integer and let MyOp denote the ring of N x N
matrices with entries in Op topologised with the p-adic topology. Fix a
positive odd integer 2s — 1 with s > 2. Let E(dxo,...,dxss_1) denote the
Op-exterior algebra on symbols dxy, . . . , dxes_; so that de;Adr; = —dz;ANdx;
when ¢ # 7 and dx; A dz; = 0. Consider the Op-algebra

A = MyOgp|[xo, 21, . .. ;25 1]] ®0p E(dxq, ... ,dras 1)

and set
A=A/~
the quotient of A by the ideal generated by 1 — >2:! 2, and 27" du;.
Setting |a| = ap+ a1 +...... + aos_1, let f € A have the form
25—1
f= > > fla, w)plUlg8o . a5t dag A Adxy A - dage_y

a=(ao,... ,azs—1) u=0
with each a; an integer greater than or equal to zero and f(a,u) € MyOp.
Define a function, justified by Proposition 2.2,
Py 1 A— F

by the formula
25—1

Qo i (f) = D > (=1)"Tracef(a,u)p

a=(ao,... ,azs—1) u=0

elal (10! . al! . 'CLQS_l!
(a[+ 25— 1)

Hence @9, 1(f) term-by-term substitutes

(=1)"f(a,u)p

elal CLo! . al! N '0,25_1!
(la| +2s —1)!

for
fla,u)pfeado . a8t dag Ao Aday A - drgg_y
and then takes the trace of the resulting matrix in My F'.
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Proposition 2.2.
The series ®o5_1(f) of Definition 2.1 converges p-adically in F' for all e > 1
if pis odd and for all e > 2 if p = 2.

Proof:

The series ®o;_1(f) is defined on A, not merely on A, because a simple
calculation shows that it is equal to the term-by-term integration of f over
the standard (2s — 1)-simplex. This point of view will be important in §4.7,
where the series is related to Hamida’s p-adic regulator formula [4].

If v, is the p-adic valuation on the rational numbers and [z] denotes the
integer part of z, then

& L T=afl)
’/p(“)_Z[ | = 1"

7
i—1 P

Here, if | = 3,50 b;p’ with each b; an integer in the range 0 < b; < p — 1,
we set a(l) = 3,59 b;. Therefore

ela| apl-ar!l-ags—1!
vy (P ez )

_ lal+2s—1—a(|al+2s—1)
p—1

=ela|] + vp(ap! - a1!- - - ags_1!)

> (6 - Iﬁ)|g| - 2;:11

which tends to infinity as the monomial (- -- 257" tends to zero in the
power series topology (that is, as |a| tends to infinity). O

Remark 2.3. The integer e appearing in Definition 2.1 is chosen merely in
order to ensure that the series ®o, 1(f) of converges p-adically in F'. The
values in F' of @9, 1(f) vary by a non-zero factor according to the choice of e.
However, in Definition 4.1, the formula for a p-adic regulator as a convergent
series also contains a scalar factor depending on the choice of e. The result is
a p-adic series formula in Definition 4.4 which is independent of e and equal
to that of [4].

3. A p-ADIC COCYCLE

Definition 3.1. Let Xy, Xi,..., Xs,_1 be matrices lying in MyOp with
s > 2. Denote the 2s-tuple (Xo, X1,...,X95-1) by X. If A is the algebra
introduced in Definition 2.1, let
25—1
I/(K) =1 —l—pe Z Xlxl € A

=0
Hence v(X) is invertible in .4 with
V(X)fl — 1 4 Z (_1>2pezBl

i>1
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where B = 7,1 X;x;. The derivative dv(X) = dB = >25,' X,dx; also lies
in A and so

v(X) 'dv(X) € A.

Furthermore (v(X) 'dv(X))*~! is homogeneous of weight 2s — 1 in the dif-
ferentials dz; so that we have

Dot (v(X) (X)) € .

Denote by G F' the closed subgroup of GLNyOp consisting of matrices
which are congruent to the identity modulo p¢. With the p-adic topology on
Gy I the map

é25—1 : (]- +peX07 1 +peX17 BRI 1 +peX25—1) = QQS—I((V(X)_ICZV(K))2S_1)

lies in Map,,,((GyF)*, F), the p-adically continuous functions from the 2s-
fold cartesian product of Gy [ to F.

Theorem 3.2.
(i) IfY1,Ys € Gy F then

Do (Yi(1+p°X0)Ya, ..., Yi(1 + pXpe 1)Y3)

= &)2371(1 +p°Xo, ..., 1+ p°Xo ).
Similarly, if Y € GLyOp,
Doe 1 (Y1 +pX)Y L., Y1+ pfXoe )Y D)

= Do 1 (14 p°Xo, .., 14 p°Xoe 1)
(ii) If F'/E is a Galois extension and o € Gal(F'/E) then
U(éQS—l(l +pEXU7 sy 1+ p€X2s—1)) = éQs—l(l +pEUX07 SRR 1 +peUX23—1)-

(iii) The function Pos 1 is a (2s — 1)-dimensional p-adically continuous
cocycle on Gy F with values in the trivial G F-module F'.

Proof

It is elementary to check that the formula for ®55 1(f) given in §2 coin-
cides with applying the integral over A?*~! term by term to the monomial
differential (2s — 1)-forms in the power series f. By this observation, part
(iii) is proved using Stokes’ Theorem, as in [3]. In fact, one needs only the
elementary case of Stokes” Theorem applied to a monomial (2s — 1)-form, say

w=xPrMxl s asdag A ANdrg A AN dxy A dag,
with 0 < u < v < 2s integrated over the standard 2s-simplex. Part (i) is also

proved as in [3] and part (ii) is obvious. O
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4. THE p-ADIC REGULATOR

Definition 4.1. Asin §2.1, let F' be a p-adic local field and let O denote its
valuation ring. From the localisation sequence for algebraic K-theory [10] and
the vanishing of even K-groups of finite fields [11] we have an isomorphism

Ky 1(Op) = Ky 1(F)

for all s > 2. Let Hur denote the Hurewicz homomorphism to the integral
homology of the infinite general linear group, with the discrete topology,

Hur : Ko, 1(Op) — Hos 1(GLOR;Z).
When N is large the inclusion induces an isomorphism
Hyy 1(GLyOp; Z) — Hyy 1(GLOR; Z,).
To be precise this is true for N > max(4s —1,2s — 1+ sr(Op)) where sr(OF)
is Bass’s stable rank of Op [9].
Choosing N large we define
RN,F : H2s—1(GLN0F; Z) — F
to be equal to the composition of the transfer map
Ho 1 (GLNO; Z) =5 Hag 1 (G i Z)
with the homomorphism
1
[GLNOp : Gy F]
given by pairing a discrete homology class with the continuous cohomology

class of Theorem 3.2 (iii) and dividing by the index of Gy F in GLyOp.
Explicitly, if d, € are the residue degree and ramification index of F//Q,

[GLNOp : Gy F| = |GLN}de|pN2d(ee—1).

- < [&)25—1]7 - > HQs—l(GN,eF;Z) — F

Proposition 4.2.
For large N the homomorphism Ry g is equal to the homomorphism

Hy 1 (GLNOp; Z) o Hys 1(GLn1OF; Z) Rveyr
where 4, is induced by the inclusion map.

Proof

Dualising the Double Coset Formula of ([12] p.19) we have the homology
version for J, H C G, subgroups of finite index.

Hyo(J;Z) 2 Hoy 1 (G;Z) 25 Hoy_y(H: Z)

= Yeenaym Hos 1 (J;Z) = Hoy 1 (JN2H27Y Z)

(z"1=2)

— Hyy (272N H; Z) * Hyy 1 (H: 7).
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We wish to apply this to the case in which J = GLyOp, G = GLy1OF and
H = Gn41.F <G. In this case zHz"' = H and so

HZSfl(J; Z) Z—*> H2571(G; Z) ﬂ) H2571<H; Z)

= Ycenc/n Hos-1(J;7Z) X, Hoys 1 (JNH;Z)

(z71=2).

s Hoy 1(H;Z) °—"" Hy,_1(H;Z).
From the second part of Theorem 3.2 (i)
Resg 5 (27 — 2)"[@a,1)) € HE (G o F3 Z)

cts

is equal to [Pos_1] for Gy F. Therefore
GLn 10 : Gri1, e F1 RNy 1F - 1s

= [GLn+10p : GLNOp - Gny1 JF[GLNOp; Gy F)Ry P

= [GLN+10F : GLNOp - Gni1,F|[GLNOpG N1, F'; Gy F1 Ry p
so that RN,F = RN+17F : Z* (]
Corollary 4.3.
For large N the homomorphism

RN, F

Hoy 1(GLOR; Z) = Hoy 1(GLyOp; Z) 5 F
is independent of N.

Definition 4.4. Define a homomorphism
Rp : Hye 1 (GLOp; Z) — F
by the formula

—1

A —1)%(s — 1))
Rp = (=1)*(s )>'RN,F2*7

(2s —2)I(2s — 1

in the notation of Corollary 4.3, where N is a large positive integer.

Theorem 4.5.
In the notation of Definitions 4.1 and 4.4 the composition

Rp

Ry Koy r(F) = Kp 1 (OF) ™% Hyy 1(GLOp Z) =5 F
is equal to the p-adic regulator homomorphism defined by Hamida in [4].

Remark 4.6. Using an explicit p-adically analytic cocycle it is shown in
[15] that the Karoubi-Hamida p-adic regulator, which equals Rr by Theorem
4.5, coincides up to a non-zero rational factor with the Wagoner-Huber-Kings
p-adic regulator of [16] and [5].
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4.7. Proof of Theorem 4.5

First we should point out that [4] gives an explicit formula for a p-adic regu-
lator only in the case when F' = QQ,. However the sketched proof showing that
this construction is well-defined and coincides with Karoubi’s cyclic homol-
ogy p-adic regulator applies equally well for general F. The regulator of [4] is
defined by composing the Hurewicz homomorphism with the homomorphism,
for large N,

R: st_l(GLNF;Z) — F

which is induced by sending a 2s-tuple of matrices (Yp, ..., Yas_1) in the bar
resolution for GLyF to the integral

(=1)°(s = 1)!
(2s —2)1(2s — 1

where v = figl x;Y; where the x;’s are the barycentric coordinates. The

verification that this integral converges p-adically for a general 2s-tuple is
quite delicate and is carried out in the Appendix to [15].

In the proof of Theorem 4.5 we observed that the formula for ®o5 ;1 (f)
can be interpreted as term by term integration of the monomial (2s — 1)-
forms appearing in f over the (2s — 1)-simplex. From this one sees that the
construction which we have given uses the same integral as [4], but only in
the situation where each Y; lies in Gy F' in which case we saw in §2 and §3
that it is very easy to show p-adic convergence.

Let j : GneF' — GLNOp denote the inclusion. The above discussion
shows that

[GLNOF : GN’QF]RNJ' =R- j* Tr HQs,l(GLNOF;Z) —s F
and the result follows since j, - Tr = [GLyOp : Gy F|. O

)'Trace/ (v tdy)*t
! A2s—1
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